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Abstract

We study the issue of the optimal design of payment systems. Our model describes

modern real-time gross settlement systems without or with centralized queueing facilities as
networks in which settlement rules and interbank payments are linked by a dual relationship.
This duality approach brings the complicated nature of payment systems down to a very
simple, geometrically intuitive and useful language. We model the problem of aggregate
liquidity management by the Central Bank as an in…nite-dimensional linear programming
problem, parameterized by di¤erent intraday credit policies. We determine the dual problem
associated with the primal systemic liquidity management problem and show how shadow-

prices of individual banks that participate in the payment system can be used to set intraday
monetary policies so as to reduce systemic liquidity and make the payment system more
e¢cient.

JEL Classification: C61, E58, G28.
Key-words: central bank, real-time gross settlement systems, queueing, shadow-prices,

in…nite-dimensional linear programming problem.

1 Introduction

The Bank for International Settlements (BIS) has been on the vanguard of payment systems’
reforms since the 1990’s. Its reports on the safety of payment systems have been the primary
source of recommendations followed by all the countries willing to improve their large-value
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payment systems. To give a taste of the impact of the BIS on the real world, it su¢ces to men-
tion that all European Union member countries must adopt real-time gross settlement (RTGS)
systems linked to the TARGET system, a supranational network of payment systems.

In a deferred net settlement (DNS) system, interbank large-value payments are settled at
the end of the day on a net basis. Clearly this system economizes on liquidity needs, but
makes the system prone to contagion. Since interbank large-value payments have increased
substantially since the 1970’s, the BIS has recommended the use of RTGS systems, which do
not economize on liquidity, but make the system considerably less vulnerable to contagion. One
problem inherent to RTGS systems is the possibility of gridlocks, a situation in which the ‡ow of
outgoing payments stops. Gridlocks can occur for two reasons. First, it just might happen that
the pattern of interbank payments is such that, given the settlement rule in place, payments
cannot go out because payments cannot come in either. Second, it might be a coordination
problem. Thinking of free riding on liquidity from other banks, a bank might want to delay its
payments to the end of the day. If all the banks think the same way, delaying will be a Nash
equilibrium and, as a result, a gridlock occurs.

Since RTGS systems seem to be the rule from now on everywhere, it is important to make
it more e¢cient. E¢ciency here refers to the minimization of liquidity needs, that is, to making
it as close as possible to DNS systems without getting rid of its (contagion-killing) constraints.

In an RTGS system (with centrally located queue), banks send payment messages to the
central bank continuously during the day. Once a payment message arrives, the central bank
checks whether the sending bank has su¢cient funds to cover the payment. If it does, the
payment is settled immediately. Otherwise, it is queued on a centrally located queue and will
be settled as soon as the sending bank gets su¢cient funds.

According to the BIS, an individual bank’s net intraday liquidity at certain point in time is
given by its initial balance held at its central bank account plus net transfers from other banks
up to that time minus the total value of outgoing queued payments. Since the sum of individual
banks’ net transfers is zero, the aggregate net intraday liquidity at any point in time is just
the sum of initial balances minus the sum of individual banks’ total values of outgoing queued
payments at that time. Actually, the distribution of net intraday liquidity also matters, but we
will not address this issue here.

Since holding liquidity at the central bank is costly, the objective of the central bank is to
minimize aggregate net intraday liquidity. Usually, this is done by extending intraday credit to
temporarily illiquid banks. For instance,

To ease the shortage of settlement liquidity under an RTGS system, many central
banks provide intraday liquidity with certain restrictions. That is, instead of waiting
for the arrival of incoming funds to cover outgoing payments, a sending bank without
a su¢cient account balance can make a payment by borrowing from the central bank
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during the day and paying it back before the end of the day. [Zhou (2000, p.32)].

The use of di¤erent queueing arrangements also enables the central bank to speed up the
‡ow of outgoing queued payments, which is equivalent to minimizing aggregate net intraday
liquidity. Indeed,

[T]he design and operation of payment queues can play an important role in
ensuring that available liquidity is used e¢ciently. For example, a queue based
simply on the principle of …rst in …rst out might cause large payments to create
unnecessary delays to the system’s throughput [BIS (2001), core principles].

Among the several queueing arrangements in place, the most commonly used are two varia-
tions of the …rst-in-…rst-out (FIFO) rule, for instance, the bypass FIFO, and FIFO with prior-
itization. Central banks also use optimization routines, which consist of reordering the queued
messages and netting them out whenever the risk of gridlock is considerably high.

Another useful procedure is the splitting of payments. Instead of settling a payment either
in full or not settling it at all, the queueing arrangement might break it down into smaller pieces,
so that the ‡ow of outgoing payments does not get stuck by the large-value of a single payment.

Breaking down transactions enables nearly full usage of system liquidity for set-
tlement purposes at all times. This means that liquidity is circulating rapidly from
bank to bank and that the system is economizing on its liquidity. Technically, this
increases the number of transactions processed in the system. It may also aid in
unwinding a gridlock if there is some unused liquidity in the system. [Leinonen
(1998)]

Surprisingly enough, little has been done regarding the design of RTGS systems with queue-
ing. For instance,

[V]ery little has been done to investigate the properties of payment systems that
combine RTGS [real-time gross settlement] with queueing. (...) [T]he fundamental
question that needs to be addressed is in what sense RTGS systems with queue-
ing o¤er improvements over net settlement or RTGS without queueing, in terms of
relevant trade-o¤s [Roberds (1999, p.4)]

Freixas & Parigi (1998) use, for the …rst time, the Diamond-Dybvig framework to make
comparative welfare analysis of net settlement versus gross settlement in a two-period model
with a liquidity shock and – the novelty of their model - a locational shock. After introducing
uncertainty and asymmetric information, they show that two ine¢cient Nash equilibria arise:
a bank-run and an equilibrium with potential contagion. Bech and Garrat (2001), in a very
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interesting model, use a Bayesian game to analyze the strategic behavior of banks under the
real-time gross settlement system. They show that intraday credit policies play an important
role in the banks’ decision to delay payments. Building on the literature on precautionary
demand for reserves, Angelini (1998) shows that priced intraday liquidity creates an incentive
for banks to delay payments and that the outcome will not be socially optimal.

However, the models above do not focus on the design of payment systems properly, but
rather on the in‡uence of its design on the behavior of banks or the behavior of their depositors.
Angelini (1998) and Bech & Garrat (2001) ingeniously analyze the issue of intraday credit
policies, and Freixas & Parigi (1998) highlight the issue of contagion, but none of them address
the issue of queueing and the system’s liquidity.

On the other hand, some applied economists have made signi…cant contributions to the
design of queueing arrangements and optimal liquidity usage in payment systems. Koponen &
Soramäki (1998) conclude, from several simulations they undertook under di¤erent scenarios,
that optimization routines, such as splitting of payments and netting enhance the system’s
liquidity. Leinonen & Soramäki (1999) also make simulations and conclude, among other things,
that an RTGS system with queueing is always more e¢cient than a net settlement system with
batch processing. Bech & Soramäki (2001) present a model of gridlock resolution, in which the
objective is to maximize the ‡ow of outgoing queued payments subject to liquidity constraints
faced by banks under real-time gross settlement systems. Building on the bank clearing problem

modelled by Güntzer, Jungnickel & Leclerc (1998), they introduce an additional constraint,
called the sequence constraint, which states that payments have to be settled in a prede…ned
order, usually the FIFO rule. The general principles presented in Bech & Soramäki (2001) make
their model the only one that is somehow related to ours1.

From all the papers cited above we conclude that there has been no unique framework for
the payment system. In this paper we o¤er a framework that is di¤erent from anything else
that has been done so far. Based on the idea that payment systems are a big network with
interbank payments ‡owing around continuously during the day, we constructed a model that
gives the payment system a truly geometric structure. In our model, interbank payments and
settlement rules are intimately linked by a dual relationship. This duality enables us to write the
total out‡ow of interbank payments as a linear functional, the aggregate net intraday liquidity
as an a¢ne functional, and the liquidity constraints faced by banks as a set of …xed points
parameterized by intraday credit policies. The problem of the optimal design of settlement
rules then reduces to an in…nite-dimensional linear programming problem. Basically, we o¤er a
new tool. This tool has been widely used in general equilibrium analysis and other allocational
problems, but not in the payment systems literature. In order to give queueing arrangements
a role in the ‡ow of payments, we modify the notion of aggregate net intraday liquidity [BIS

1It is interesting to note that these papers have been published by the Bank of Finland.
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(1997), report on RTGS systems]. We interpret the standard notion as potential liquidity and
ours as actual liquidity. Indeed, the value of outgoing payments that really matters is the value of
payments that can be settled according to the settlement rule (i.e., the queueing arrangements).

The construction of our model is entirely based on the reports by the BIS. It provides a
framework for the problem in the following quotation:

From the viewpoint of reducing the need for liquidity, the more the system centre
can intervene in the queues by reordering and/or using optimization routines, the
more e¢cient the queueing should in principle be because the centre can observe
the queued transfers of all banks and thus maximize all the available information
to rearrange the transfers in the queue in order that minimises liquidity needs. To
the extent that it succeeds in reducing the number and value of queued transfers,
such centralized management can contribute to e¢ciency and the realisation of early
settlement in RTGS systems. [BIS, report on RTGS systems (1997, p. 29-30)]

Since DNS systems economize on systemic liquidity, but are prone to contagion, and since
RTGS systems eliminate contagion, but require excessive liquidity and are vulnerable to grid-
locks, the problem that the design of an RTGS system must address is the minimization of
liquidity requirements (in order to approximate it to a DNS system) and to …nd a settlement
rule that minimizes the negative e¤ects of possible gridlocks. How can we design the settlement
rule in an RTGS system so as to make it as close as possible to a DNS system without giving
up on its contagion-reducing constraints? In this paper we present a model that solves both
problems simultaneously.

We do not need to assume that the path of payments is known ex ante by the Central Bank.
This is obviously not coherent with the real world environment. There is no way for the Central
Bank to know the entire path of payments between every pair of banks throughout the day. It is
reasonable however to assume that it knows the general pattern of payments, or, more precisely,
the distribution of payments. For instance:

The timing of payments across the FEDWIRE Funds Transfer service exhibits a
regular pattern over the course of the day, with payment activity peaking in the late
afternoon. (McAndrews & Rajan (2000), p.17)

In order to model this feature, we introduce an element of randomness into our framework.
In section 2 we present the model of stochastic shadow-prices of banks in RTGS systems

with queueing. We introduce the main concepts, present the primal problem and its dual. Du-
ality in this section is given by the duality bracket hC(¢); BV(¢)i between the space of continuous
functions on compacta and the space of functions of bounded variation, all paired with a sam-
ple space. We describe the functioning of RGTS systems as a linear programming problem in
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which the objective function is the maximization of total out‡ow of payments subject to liquid-
ity constraints, i.e., banks cannot be illiquid anytime. Queueing is important here and arises
endogenously. We determine the dual problem to get the shadow-prices of each bank associated
with its liquidity constraints and the splitting and queueing of its interbank outgoing payments.
In section 3 we present the model without queueing in order to apply our framework to FED-
WIRE, the U.S. large-value payment system. In this section, duality is given by the duality
bracket hL1(¢); L1(¢)i between the space of essentially bounded functions and integrable func-
tions. Section 4 presents some policy implications for intraday monetary management. Section
5 concludes the paper.

The advantage of our model is twofold. First, our formulation of the payment systems is
original. We know of no other model that describes the payment systems as we do. Second,
our duality approach brings the complicated nature of payment systems down to a very simple,
geometrically intuitive and useful language.

From a practical perspective, the monetary policy implemented by the Central Bank through
the payment system gives rise to a series of relevant questions. It is these questions that our
model will provide answers to. A sample of such policy questions is:

² When is it that an increase on initial balances enhances the ‡ow of payments?

² Is it a good idea to extend free intraday credit to illiquid banks?

² Is it worth for the payment system to allow for an overnight loan between two banks?

² Does the extension of Lombard (collateralized) loans to certain banks really enhance the
‡ow of payments?

² Can Lombard loans be allocated optimally or else should the Central Bank provide banks
with liquidity whenever it is requested to do so?

² Is there an optimal queueing mechanism that helps minimize aggregate liquidity needs? If
yes, how can we implement it?

² Can an intraday interbank money market replace the Central Bank’s role as a provider of
intraday liquidity?

² How can we price Lombard loans to illiquid banks when their probability of failure is
positive?

² How does the failure of an individual bank a¤ect the overall ‡ow of payments (contagion
through the payment systems)?
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By modelling the functioning of real-time gross settlement systems as a linear program, it
is possible to …nd the marginal prices of all such policies by analyzing its corresponding dual
problem.

The sketch of our model is the following:

² Bank i, the sender, wires a payment message to the Central Bank at time t requesting a
payment transfer from its account to the account of bank j, the receiver.

² If bank i’s account has enough funds, the payment is settled and the transfer becomes
…nal. Otherwise, it is queued and its settlement is postponed until bank i receives more
funds.

² At no time can bank i, and every other bank, be illiquid, so when a payment cannot be
covered by bank i’s funds, there are two alternative procedures to queueing: the extension
of collateralized loans from the Central Bank (repurchase agreements), and the allowance
of net debit caps. In section 2 queueing is the only procedure. We consider the alternative
procedures in the section 3 where an RTGS system without queuing is presented.

² In both cases (queueing and no queueing), the Central Bank can split payments.

² The primal problem of the Central Bank is to …nd an optimal way to split and queue
payment messages throughout the day so as to minimize systemic liquidity subjected to
the constraint that no bank can be illiquid (liquidity constraints) and payments have to
be settled at most at full by the end of the day (consistency constraint).

² The dual problem of the Central Bank gives us two important pieces of information: the
shadow-prices of banks associated to both liquidity and consistency constraints, and the
dual value function. If strong duality holds, we can plug the dual value function into the
de…nition of systemic liquidity. Once this is done, the Central Bank can control intraday
monetary policies (the setting of initial reserve requirements, the amount of credit available
to each bank, haircuts and interest rates on each Lombard loans, the allowance of overnight
loans or the adoption of interbank intraday money market, etc.) by means of shadow-prices
in such a way to bring systemic liquidity down to zero or as close to zero as possible in
order to approximate the RTGS system to a DNS system with little contagion, since the
RTGS constraints continue to hold.

2 Stochastic shadow-prices with queueing

In this section we present the model with queueing. The set B = f1; ::;ng denotes the set of
banks. By banks we mean the …nancial intermediaries that participate in the real-time gross
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settlement system. Obviously some of them are not precisely banks, but for the purposes of the
functioning of RTGS systems, such a quali…cation makes little di¤erence.

Let T = [0; T] denote the business day, B(T) the Borel-¾-…eld over T, and º any regular
bounded Borel measure on B(T). The measure space (T; B(T); º) represents the time component
of our model.

Uncertainty is described by a probability space (S;F; p), assumed to be atomless.
The interbank payment from bank i 2 B to bank j 2 B at time t 2 T and state of the

world ! 2 S is denoted by xij(!; t). Let m = n2 denote the number of pairs of banks. Once we
disregard self-transfers, m = n(n ¡ 1). Given the probability space, (S;F; p), let L1(S)m be
the space of p-essentially bounded Rm-valued functions on S.

We may de…ne a random path of interbank payments as an array x = fxij(!; t) : ! 2 S;

t 2 T, i; j 2 Bg; where xij(!; t) > 0 and xii(!; t) ´ 0, 8i; j 2 B, 8t 2 T, 8! 2 S, and such
that: (i) x(¢; t) is p-measurable, 8t 2 T, and (ii) x(!; ¢) is continuous on T, p ¡a:e: Then the
random path of interbank payments is a Carathéodory function on S £ T. If this is the case,
let C(T)m be the space of Rm-valued continuous functions on T: The condition xii(!; t) ´ 0

means that a bank cannot send a payment to itself. The condition that an interbank payment
be a Carathéodory function is for simpli…cation only. In real life, payment messages arrive at
discrete random times, so the right modelling would be to consider interbank payments as left-
continuous step functions with random discontinuity points. But if we assume that the time
interval between two consecutive payments is small, sometimes to the scale of seconds, then we
could just assume that they are left-continuous functions. Thus the assumption of continuity is
a good approximation. Besides, there is a well developed theory of Carathéodory functions that
can be freely used.

We have to consider the random path of interbank payments as being actually de…ned on a
larger domain, one that will allow us to say that the space of random interbank payments and
the space of settlement functions are topologically paired, that is, the later space will be the
topological dual of the former space. In order to do that, we …rst have to properly de…ne the
space the settlement functions belong to.

The bilateral settlement function between banks i and j is given Àij(!; ¿; t): At state ! 2 S,
Àij(!; ¿; t) is the fraction of payment xij(!; ¿) sent at time ¿ and settled at time t > ¿: Therefore,
any payment may be fractioned and queued. The time domain of the bilateral settlement
function is the triangle A = f(¿; t) 2 T £ T : t > ¿g: Obviously, 0 6 Àij(!; ¿; t) 6 1:

Given the measure space (T;B(T); º), let G the product-Borel-¾-algebra B(T) £ B(T) re-
stricted to the compact set A ½ T £ T; i.e., G = B(T) £B(T)jA:2 Let ¹ be a measure3 on G:

Given the time domain, A = f(¿; t) 2 T£ T : t > ¿g; consider the measure space (A; G; ¹). Let
L1(A)m be the space of ¹-integrable Rm-valued functions on A and let L1(A)m be the space of

2This means that a set S 2 G if there exists a set R 2 B(T )­B(T) such that S = R \ A:
3We may take ¹= (º ­ º)jA:
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¹-essentially bounded Rm-valued functions on A. Finally, let C(A)m denote the Banach space of
Rm-valued continuous functions on A, and let BV(A)m denote the Banach space of Rm-valued
functions of bounded variation on A, with the total variation as the norm.

Recall that a function of bounded variation can be decomposed into the sum of its absolutely
continuous part and its singular part:

y(¢; a) = ya(¢; a)+ ys(¢; a)

where ya(¢; ¢) ¿ ¹ is the absolutely continuous part and ys(¢; a)?¹ is the singular part (its
derivative vanishes almost everywhere). Moreover, there exists a constant M > 0 such that¯̄
¯ysij(¢; a)

¯̄
¯ 6 M , 8i; j 2 B: We set M = 1.

The space of random paths of interbank payments can trivially be immersed into the space
of Rm-valued Carathéodory functions ¯ on S £ A; i.e., functions satisfying: (i) ¯(¢; ¿ ; t) is p-
measurable, 8(¿; t) 2 A; and (ii) x(!; ¢) is continuous on A, p ¡ a:e: Indeed, it su¢ces to set
¯ij(!;¿; t) = xij(!; ¿), 8(¿; t) 2 A: This identi…cation allows us to consider the random path of
interbank payments and the settlement functions as being de…ned on the same domain, namely
S £ A.

That being told, we may rede…ne the random path of interbank payments in a more appro-
priate way.

De…nition 1 A random path of interbank payments is a function x : S £A ! Rm such that:

(i) x(!;¿; t) = (xij(!;¿; t) : i; j 2 B)

(ii) xij(!;¿; t) > 0 and xii(!;¿; t) ´ 0; 8i; j 2 B;8(¿; t) 2 A, p¡ a:e:,

(iii) xij(!; ¿; t) = xij(!;¿; ¿); 8i; j 2 B; 8t > ¿

(iv) x(¢; ¿ ; t) 2 L1(S)m, i.e., x(¢; ¿ ; t) is p-essentially bounded on S, 8(¿; t) 2 A

(v) x(!; ¢) 2 C(A)m; p-a.e., i.e., x(!; ¢) is continuous on A, p¡ a:e:

De…nition 2 A stochastic settlement density is any function À : S £ A ! [0;1]m such that:

(i) À(!;¿; t) = (Àij(!; ¿; t) : i; j 2 B), with Àij : S £ A ! [0; 1] being called the bilateral

stochastic settlement density between banks i and j.
(ii) Àij(!; ¢) 2 L1(A); i.e., Àij(!; ¢) is ¹-integrable on A; 8i; j 2 B; p ¡a:e:

(iii)
R T
¿ Àij(!; ¿;s)d¹2(s) 6 1; 8i; j 2 B; 8¿ 2 [0; T]; p¡a:e:; where ¹2 is the second marginal

distribution of ¹: (consistency condition)
(iv) Àij(¢; ¿ ; t) 2 L1(S), i.e., is p-essentially bounded on S; 8i; j 2 B; 8(¿; t) 2 A:

De…nition 3 A stochastic settlement integral is any Rm-valued function y on S £A such that:

(i) y(!; ¢) 2 BV(A)m, p-a.e., y(!; ¿; t) = (yij(!;¿; t) : i; j 2 B); with yij : S £ A ! [0;1]

being called the bilateral stochastic settlement integral between banks i and j.
(ii) yij(!;¿; T) ¡ yij(!;¿; ¿) 6 1, 8i; j 2 B; 8¿ 2 [0;T ]; p ¡a:e: (consistency condition)

(iii)
dyaij
d¹ (¢; ¿ ; t) 2 L1(S), 8(¿; t) 2 A;8i; j 2 B

9



From the above de…nitions we can easily conclude that a stochastic settlement density can be
interpreted as the Radon-Nikodym derivative of a stochastic settlement integral. Condition (ii)
in the de…nition of stochastic settlement integrals can be restated as

R T
t Àij(!; t; s)d¹2(s) 6 1;

8¿ 2 [0; T]; p¡a:e:; provided we set the settlement density as the Radon-Nikodym derivative of
a stochastic settlement integral, that is, Àij(!; t; s) = dyij

d¹ (!; t; s): In this sense:

yij(!;¿; T) ¡ yij(!;¿; ¿) =

Z T

¿

dyij
d¹

(!; ¿;s)d¹2(s); 8¿ 2 [0; T]; p ¡ a:e:

where ¹2 is the second marginal distribution of ¹, which will coincide with º whenever ¹ is the
product-measure º £ º restricted to A. Similarly, ¹1 is the …rst marginal distribution of ¹.

The consistency condition says that payments keep being partially settled until the end of
the day. Moreover, it is possible that some portion of the payment remains unsettled at the end
of the day. We chose to impose the weak inequality instead of the equality in order to give some
room for overnight interbank loans.

The value xij(!; ¿; t)Àij(!;¿; t) = xij(!;¿; ¿)Àij(!;¿; t) represents the portion of the inter-
bank transfer xij(!; ¿; ¿) sent at period ¿ 2 [0;T ] and state ! 2 S and settled at period t > ¿:

The total expected cumulated out‡ow of payments is then given by the linear functional:

P
i2B

P
j2B

R
S

R T
0

R T
¿ xij(!; µ;s)Àij(!; µ;s)d¹(s; µ)dp(!)

In order to stick with our duality formulation, we will say that the total expected cumulated
out‡ow of payments is given instead by the linear functional expressed in terms of settlement
measures:

P
i2B

P
j2B

R
S

R T
0

R T
¿ xij(!; µ;s)dyij(!; µ;s)dp(!)

De…nition 4 The expected systemic liquidity of a real-time gross settlement system is given by
total initial reserves at the beginning of the day minus the expected total value of queued outgoing

payments averaged over time, that is:

¤ =
X

i2B
Bi
o ¡ 1

º(T)

X

i2B

X

j2B

Z

S

Z T

0

Z T

¿
xij(!;µ;s)dyij(!; µ;s)dp(!)

The de…nition of systemic liquidity is a generalization of the standard de…nition as given by
the BIS report on RTGS systems (BIS, 1997). Our de…nition takes the role of queueing into
account and considers the cumulated total out‡ow of payments throughout the day.

In RTGS systems, banks have to hold enough balance throughout the day to settle interbank
payments. Overdrafts are not allowed. At each period t, individual reserves are given by
individual initial balances plus net transfers up to time t Period t is not included. Thus,
individual banks face a kind of cash-in-advance (or Clower) constraint. According to Clower’s
(1967) seminal paper:
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[T]he total value of goods demanded cannot in any circumstances exceed the
amount of money held by the transactor at the outset of the period. [Clower (1967)]
(Italics in the original)

Though Clower meant goods demanded by consumers in a monetary economy, the nature
of such liquidity constraints is the same one faced by banks in an RTGS system, the di¤erence
being only that the objective function is linear and that the goods we are dealing with are
settlement functions.

Thus in real-time gross settlement systems no bank can be illiquid. Whatever the state of
the world, at any period the following liquidity constraint must be satis…ed:

X

j2B

Z

¿2[0;t]
xij(!;¿; t)yaij(!;¿; t)d¹1(¿) 6 Bi

o +

Z

µ2[0;t)

Z

¿2[0;µ)

X

j2B
xji(!; ¿;µ)dyji(!;¿; µ)

¡
Z

µ2[0;t)

Z

¿2[0;µ)

X

j2B
xij(!; ¿;µ)dyij(!;¿; µ)

The expression on the left-hand side is the total value of queued payments from bank i to
every other bank at time t and state of the world !: The …rst term on the right-hand side is
bank i’s initial reserve The second term on the right-hand side is the total value of payments
that bank i had received from the system up to time t. The third term on the right-hand side
is the total value of payments that bank i had sent to the system up to time t. Therefore, the
right-hand side is initial balance plus net transfers up to time t.

In each period, a bank can only use its current balance for settlement purposes. It is in
accord with the main principle of RTGS systems: banks are not allowed to become illiquid at
any time whatever the state of the world. As transfers are made throughout the day, individual
balances ‡uctuate within the interval [0;

P
i2BBi

o]: Indeed, the minimum balance is zero, and
the maximum balance occurs when an individual bank absorbs all liquidity from the system.
This is however an extreme situation. In order to avoid such extreme distribution of liquidity,
some systems impose an upper bound on current balances. For instance, in some RTGS systems,
an individual balance ‡uctuates within the interval [0; 2Bi

o], that is, maximum current balance
is twice the initial balance. Such upper bounds are indeed important for the safety of payment
systems. It is well known that the distribution of liquidity can cause gridlocks. It is important
to remark that our model can also deal with the control of distribution of liquidity. In this case
however we would have a quadratic component. For instance, we could impose an additional
constraint in which the variance of the distribution of liquidity in the system is bounded. The
shadow-price associated with such constraint would give us the price of a unit change in the
distribution of liquidity. Nevertheless, the model would become quadratic, and we do not want
to go beyond the linear programming framework. A stronger constraint of course – and one that
would keep the model linear – would be the imposition of upper bounds on current balances,
but doing that would make the model less simple without additional bene…ts.
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In order to simplify notation, consider again the triangle A = f(¿; t) 2 T £T : t > ¿g.
De…ne, for each t 2 T; the horizontal t-section of A as the set A(t) = f(¿; µ) 2 T £ T : ¿ 6 µ 6
tg: Now de…ne the horizontal t-lower-section as:

A¡(t) = [1n=1A(tn) = [1n=1f(¿;s) 2 T£ T : ¿ 6 µ < tng

where tn % t is any increasing sequence4 of periods converging to t: Sometimes, whenever no
confusion is possible, we will write a = (¿; t) 2 A for the generic element of A: Then:

Z

µ2[0;t)

Z

¿2[0;µ]

X

j2B
xji(!; ¿;µ)dyji(!;¿; µ) =

Z

A¡(t)

X

j2B
xji(!; a)dyji(!;a)

where
R
A¡(t) is the double integral over the region A¡(t): Of course, A¡(0) = ;. This implies

that at time t = 0, liquidity constraints reduce to:
X

j2B
xij(!;0; 0)yaij(!;0;0) 6 Bi

o ; 8i; j 2 B; p ¡ae

In other words, the very …rst payment cannot exceed initial reserves. From that time on,
individual reserves will ‡uctuate as payments are transferred around.

De…nition 5 Given a random path of interbank payments, x : S £ A ! Rm; and a stochastic

settlement integral, y : S £ A ! Rm; we say that bank i 2 B satis…es liquidity constraints at
time t 2 T and state ! 2 S if:

P
j2B

R
[0;t]

xij(!;¿; t)yaij(!; ¿; t)d¹1(¿) 6 Bio +
R
A¡(t)

P
j2B xji(!;a)dyji(!; a)

¡ R
A¡(t)

P
j2B xij(!;a)dyij(!; a)

We say that the system satis…es liquidity constraints if every bank satis…es liquidity constraints

at any time almost surely.

The Central Bank’s liquidity management problem in an RTGS system is to minimize ex-
pected systemic liquidity given liquidity constraints and the consistency condition. Since initial
reserves are given, this problem is equivalent to the constrained maximization of expected total
out‡ow of payments:

8
>>>>>>>>><
>>>>>>>>>:

supy
P
i2B

P
j2B

R
S

R T
0

R T
¿ xij(!; µ; s)dyij(!;µ; s)dp(!)

s.t.
P
j2B

R
[0;t] xij(!; ¿; t)yaij(!; ¿; t)d¹1(¿) 6 Bi

o +
R
A¡(t)

P
j2Bxji(!; a)dyji(!;a)

¡ R
A¡(t)

P
j2Bxij(!; a)dyij(!;a)R T

¿
dyij
d¹ (!;¿; s)d¹2(s) 6 1; 8i; j 2 B; 8¿ 2 [0; T]; p¡ a:e:

y(!; ¢) 2 BV(A)m+; p¡ a:e:
dyaij
d¹ (¢; ¿ ; t) 2 L1(S); 8(¿; t) 2 A:

4We used a sequence of periods converging to t in order to preserve the measurability of A¡(t). This is not a
loss of generality anyway. Such property is independent of the particular sequence chosen.
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We will now write the primal problem in matrix form. This will make it easier for us to …nd
out the dual problem. The resulting dual solution will be the stochastic shadow-prices of banks
in the real-time gross settlement system.

Notice that we did not include the extension of Lombard loans in our stochastic version.
We are here dealing only with the issue of queueing and partial settlement. The stochastic
shadow-prices associated with liquidity constraints will give the marginal prices of initial reserve
requirements. The stochastic shadow-prices associated with consistency constraints will give the
marginal prices of queueing bilateral payments and settling them at full.

De…ne the following matrix, 8i 2 B, 8(!; ¿; t) 2 S £ A:

Xi(!; ¿; t) =

2
6666666666664

0 ¢ ¢ ¢ 0
...

.. .
...

0 ¢ ¢ ¢ 0

xi1(!;¿; t) ¢ ¢ ¢ xin(!; ¿; t)

0 ¢ ¢ ¢ 0
...

.. .
...

0 ¢ ¢ ¢ 0

3
7777777777775
n£n

Ã ith row

Also de…ne:

Yi(!; ¿; t) =

2
66664

xi1(!;¿; t) 0 ¢ ¢ ¢ 0

0 xi2(!;¿; t) ¢ ¢ ¢ 0
...

...
.. .

...
0 0 ¢ ¢ ¢ xin(!; ¿; t)

3
77775
n£n

Consider the partitioned matrices:

X(!; ¿; t) =
h

X1(!; ¿; t) j ¢ ¢ ¢ j Xn(!; ¿; t)
i
n£n2

Y (!;¿; t) =
h

Y1(!;¿; t) j ¢ ¢ ¢ j Yn(!;¿; t)
i
n£n2

Then the expression
P
j2Bxji(!; ¿;µ)dyji(!;¿;µ) ¡ P

j2B xij(!;¿; µ)dyij(!; ¿;µ); 8i 2 B,
can be written in matrix form, 8(¿; t) 2 A; p¡ a:e:; as:

Y (!; ¿;µ)dy(!;¿; µ) ¡X(!;¿; µ)dy(!;¿; µ) = [Y (!; ¿;µ) ¡ X(!; ¿;µ)]dy(!; ¿;µ)

The expression
P
j2B

R
[0;t] xij(!; ¿; t)yaij(!; ¿; t)d¹1(¿) can be written in matrix form as:

R
[0;t]X(!;¿; t)ya(!;¿; t)d¹1(¿)

13



Clearly the objective function is a linear functional that can be represented as x ¢y; the inner
product on hL1(S)m £ C(A)m; L1(S)m £BV(A)mi : For the time being, however, let us write
it as

R
S

R
Ax(!;a)dy(!; a)dp(!):

Let Im be the identity m-matrix and 1 the m-vector of 1’s. Let Bo = (Bi
o : i 2 B) be

the vector of initial reserves. The consistency constraint
RT
¿
dyij
d¹ (!; ¿;s)d¹2(s) 6 1; 8i; j 2 B;

8t 2 [0; T]; p ¡a:e:; can be written as
R T
¿ Im

dy
d¹ (!; ¿;s)d¹2(s) 6 1; 8¿ 2 [0; T]; p ¡a:e:

Therefore in matrix notation the primal problem is:
8
>>>>>><
>>>>>>:

supy
R
S

R
A

x(!; a)dy(!;a)dp(!)

s.t.
R
[0;t]X(!;¿; t)ya(!;¿; t)d¹1(¿) 6 Bo +

R
A¡(t)[Y (!; a) ¡ X(!; a)]dy(!; a); p¡ aeR T

¿ Im
dy
d¹ (!;¿; s)d¹2(s) 6 1; 8¿ 2 [0; T]; p¡ ae

y(!; ¢) 2 BV(A)m+ ; p ¡ae
dya

d¹ (¢; ¿ ; t) 2 L1(S)m; 8(¿; t) 2 A:

In the primal problem above, we have the following:

(a) Y ¡ X 2 L1(S)nm £C(A)nm

(b)
R
[0;¢] X(¢; ¿ ; ¢)ya(¢; ¿ ; ¢)d¹1(¿) 2 L1(S)nm £ C(A)nm

(c) x 2 L1(S)m£ C(A)m

The conditions above guarantee that the problem is well-posed [Papageorgiou (1982)] and
that strong duality holds.

The notation above is for simpli…cation purposes only. The more explicit notation is:
8
>>>>>>>>><
>>>>>>>>>:

supy
P
i2B

P
j2B

R
S

RT
0

RT
¿ xij(!;µ; s)dyij(!;µ;s)dp(!)

s.t.
P
j2B

R t
0 xij(!; ¿; t)yaij(!; ¿; t)d¹1(¿) 6 Bi

o +
R t
0

R µ
0

P
j2Bxji(!; ¿;µ)dyji(!;¿;µ)

¡R t
0

R µ
0

P
j2Bxij(!; ¿;µ)dyij(!;¿;µ)RT

¿
dyij
d¹ (!; ¿;s)d¹2(s) 6 1; 8i; j 2 B; 8¿ 2 [0;T ]; p¡ a:e:

y(!; ¢) 2 BV(A)m+ ; p¡ ae
dyaij
d¹ (¢; ¿ ; t) 2 L1(S); 8i; j 2 B;8(¿; t) 2 A:

The Central Bank’s primal problem is a generalized continuous linear program. The un-
derlying space in the primal problem is L1(S)nm £ C(A)nm. Its topological dual space is
L1(S)nm £ BV(A)nm. However, since we imposed the consistency condition, we can restrict it,
with no loss of generality, to the linear subspace L1(S)nm£BV(A)nm: Then the duality bracket
on which our linear programming problem is de…ned is:

hL1(S)nm £ C(A)nm; L1(S)nm£ BV(A)nmi
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Consider the quadruple (i; j;!; t) 2 B £ B£S £T representing bank i, bank j, time t and a
state of the world !: For each liquidity constraint associated with (i; i;!; t) 2 B £ B£S £T, let

i̧(!; t) be its shadow-price. We call i̧(!; t) bank i’s liquidity shadow-price at state ! and time

t. For each consistency constraint associated with (i; j; !; t); let »ij(!; t) be its shadow-price.
We call »ij(!; t) the consistency shadow-price of the pair (i; j) at state ! and time t.

The parameter associated with a particular liquidity constraint is the initial reserve balance
held by a particular bank at the beginning of the day. Thus its liquidity shadow-price measures
the e¤ect on the out‡ow of payments of a unit variation in initial reserves. Given the liquidity
shadow-price, the Central Bank can draw a better understanding of the e¤ect of changes in
initial reserves on the level of aggregate liquidity needs.

The parameter associated with a particular consistency constraint is the number 1. The
interpretation of the consistency shadow-price requires further thoughts. When a payment
xij(!; ¿; ¿) is sent during the day, say at time ¿ , the primal solution will determine how much
of it should be settled from that time on until the end of the day. At each time t > ¿ , the
amount xij(!; ¿; ¿)Àij(!; ¿; t) will be settled. By the end of the day, at most 100% of it should
have been settled. Thus it is possible that some fraction remains optimally unsettled. So a
unit increase on the parameter 1 means a 100% increase in the payment settlement. That is,
a bank sends a payment during the day and, by the end of it, twice the payment has been
settled. That means that that bank made a payment, settled it by the end of the day, and
in addition lent to the receiving bank the very same amount it has paid. Therefore the true
dollar e¤ect of an extra dollar lending from a bank to another is measured by the corresponding
consistency shadow-price divided by the amount transferred,

»ij(!;¿)

xij (!;¿;¿)
: If at the primal solution

the consistency constraint holds with equality, then the consistency shadow-price will tell us by
how much the ‡ow of payments (or equivalently, minimum aggregate liquidity needs) will change
should a bank pay an extra dollar over and above the amount due or should a bank pay a dollar
less than the true amount due.

Denote by ¸(!; t) = ( i̧(!; t) : i 2 B) the vector of liquidity shadow-prices at state ! and
time t. Let »(!; t) = (»ij(!; t) : i; j 2 B) be the vector of consistency shadow-prices at state !

and time t.
The dual problem is given by:

8
>>>>>>>>><
>>>>>>>>>:

inf( ;̧»)
R
S

R
ABod¸(!; a) +

R
S

R
A 1m ¢ ya(!;¿; t)?X(!; ¿; t)?d¸(!;¿; t)

+
R
­

R
A1m ¢ d»(!;¿; t)

s:t:
R
[0;t] y

a(!;¿; t)?X(!; ¿; t)? d¸(!;¿;t)d¹ d¹1(¿)+

+
RT
t [X(!; t; ¿)?¡ Y (!; t; ¿)?]d¸(!; t; ¿) > x(!; t; ¿)

¸(!; ¢) 2 BV(A)n+; p¡ a:e:
ḑ a(¢;a)
d¹ 2 L1(S); 8a 2 A

We postpone the analysis of the dual to the next section and to the particular case of
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FEDWIRE, with no centralized queueing facilities.

3 Stochastic shadow-prices without queueing

In this section we consider the special case of RTGS systems without queueing facilities, such
as FEDWIRE. From a topological point of view, this problem is less general, so we can add
more geometrical structure to the framework and get some additional insights about the dual
relationship between interbank payments and settlement functions.

From a practical point of view, interbank payment messages arrive at the central bank at
sporadic discrete times, so that they can be regarded as a sequence (actually, a vector or even
a matrix, depending on the way we write it). Since several payment messages may arrive on
a minute-by-minute (or even second-by second) basis during the day, we will assume that time
is continuous and that interbank payments are measurable functions on the time interval. Of
course, measurability here is understood as Borel-measurability. Measurability is the weakest
assumption we can make without loosing mathematical structure.

Let T = ([0; T]; B([0;T ]); º) be a measure space representing the time interval (a business
day), where ¸ is the Lebesgue measure on the Borel-¾-algebra B([0; T]). Recall that T is an
atomless complete …nite measure space5. Let L1(T) be the space of measurable bounded real
functions on T, endowed with the sup-norm.

There is no way for the central bank to know ex ante what the pattern of payments will
precisely be during the day. This pattern is uncertain. Usually it is concentrated towards the
end of the day, but, again, it is random. Therefore, the ‡ow of payments is the sample path of a
stochastic process. To model this feature, let (S;=; p) be a complete atomless probability space.

B = f1; :::; ng denotes the set of banks. Let xij(t; !) be the monetary value of the payment
from bank i to bank j on the books of the central bank at time t and state !. Assume that
xij : T£S ! [0;1) is a stochastic process such that xij(t; ¢) 2 L1(p)+, 8t 2 T, and, xij(¢; !) 2
L1(º)+, p ¡ a:e: Now de…ne the function xi : T ! L1(p)n+; where L1(p)n+ = L1(p; [0;1)n);

by xi(t) = (xij(t))j2B, where xij(t) 2 L1(p)+, 8t 2 [0; T]: Finally, de…ne x by x = (xi)i2B:

Given m = n2, let E = L1(p;Rm) be the space of integrable functions with values in Rm,
endowed with the weak topology: Recall that E is a locally convex, separable, metrizable linear
topological space and that its topological dual is E¤ = L1(p;Rm). Whenever f 2 E (or E¤),
we assume that f = (f1; :::; fn) and fi = (fij)j2B: It is useful to see f 2 E (evaluated at !) as
a matrix:

f(!) =

2
664

f11(!) ¢ ¢ ¢ f1n(!)
...

.. .
...

fn1(!) ¢ ¢ ¢ fnn(!)

3
775

5Notice that ¸ may also be any atomless measure other than Lebesgue’s.
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With this representation in mind, the payments attached to queued messages at certain time
t 2 T and state ! 2 S are summarized by:

x(t;!) = x(t)(!) =

2
664

x11(t; !) ¢ ¢ ¢ x1n(t;!)
...

. ..
...

xn1(t;!) ¢ ¢ ¢ xnn(t; !)

3
775

Thus, by our assumptions, for each t 2 T, x(t) 2 E¤ = L1(¹; Rm) and x 2 L1(º;E¤).
The space of payments is then the positive cone of the space of all (equivalence classes of)
Bochner-integrable functions that are essentially bounded, where the norm is given by kxk =

esssupfkx(t)k : t 2 Tg:
Notice that we implicitly assume that there is exactly one message to each bank queued

at time t; so that the size of the queue is always n (obviously the payment of an individual
bank to itself is zero). This not an oversimpli…cation. Indeed, banks usually send bulk payment
messages to another bank for any short period of time, so it is reasonable to assume that the
queue has at most one message to each bank for any short period of time. So instead of sending
a payment message to bank j and few seconds later sending another one to the same bank, a
bank i actually sends both payments together.

We will now construct a de…nition of settlement function that is dual to the de…nition of
interbank payments function.

Consider the following subset of E:

K = ff 2 E : f(!) 2 [0; 1]m, p¡ a:e: and fii(!) = 0, 8! 2 S;8i 2 Bg:

Clearly, K ½ E = L1(p;Rm) is convex and nonempty. The set K is weakly compact separable
and metrizable for the relative topology induced from L1(p; Rm), and is uniformly integrable.

Let Ài : [0;T ] ! L1(p; [0;1]n); be de…ned by Ài(t) = (Àij(t))j2B, where Àij(t) 2 L1(p; [0; 1]),
8t 2 T: Let m = n2. For ease of notation, we will use the isometric isomorphism L1(p; [0;1]n)n ¼
L1(p; [0; 1]m): Assume that À : T ! K is (B([0;T ]);B(K))-measurable, where B(K) is the Borel-
¾-algebra generated by the relative weak topology on K inherited from E. We call À a settlement
function. Let L1(º;K) be the set of Bochner-integrable settlement functions6 .

Then À(t;!) has representation:

À(t;!) = À(t)(!) =

2
664

À11(t; !) ¢ ¢ ¢ À1n(t; !)
...

.. .
...

Àn1(t;!) ¢ ¢ ¢ Ànn(t;!)

3
775

We have that, for each t 2 T, À(t) 2 E = L1(p; Rm) and À 2 L1(º;E):

6Given a …nite measure space (£;z; º) and a Banach space E, a º-measurable function f : £!E is Bochner-
integrable if, and only if,

R
£ kf kdº <1 [Diestel & Uhl (1977)].
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De…nition 6 A settlement function is any Bochner-integrable function À : T ! K, that is,
any Bochner-integrable function À 2 L1(º;E) given by À(t)(!) = À(t;!) = (À1(t;!); :::; Àn(t; !))

such that Àij(t;!) 2 [0;1]; 8i; j 2 B; Àii(t;!) ´ 0; 8i 2 B;8t 2 T; p ¡a:e:

Settlement functions and interbank payments functions are then dual concepts. To be more
speci…c, on the dual system hRm;Rmi ; given À(t; !) 2 Rm and x(t; !) 2 Rm, the bilinear form
¤ : Rm£Rm ! R is given by x(t;!)¤À(t; !) =

P
(i;j)2B£B xij(t; !)Àij(t; !). On the dual system

hE; E¤i the bilinear form h¢; ¢i : E¤£ E ! R is given by:

hx(t);À(t)i =
R
S x(t; !) ¤ À(t;!)dp(!) =

R
S

P
(i;j)2B£Bxij(t; !)Àij(t;!)dp(!)

On the dual system hL1(º; E);L1(º; E¤)i consider the bilinear form ¢ : L1(º; E¤)£L1(º;E) !
R is given by:

x ¢ À =
RT
0 hx(t);À(t)id¸(t) =

R T
0

R
S

P
(i;j)2B£Bxij(t;!)Àij(t;!)dp(!)d¸(t)

Now it is easy to see the topological duality between payments and settlement. Given the Banach
space E = L1(p; Rm) and its dual E¤ = L1(p; Rm), we have:

1 À 2 L1(º;E) denotes the settlement function, with the condition that À(t) 2 K; 8t 2 T: The
space of settlement functions is endowed with the weak topology.

2 x 2 L1(º; E¤) = (L1(º;E))¤ denotes the payments function, which belongs to the dual space,
endowed with the weak-star topology.

3 hL1(º; E); L1(º; E¤)i is the topological dual pair denoting the duality between interbank
payments and settlements with duality bracket representing the expected total out‡ow of
interbank payments:

x ¢ À =
R T
0

R
S

P
(i;j)2B£Bxij(t; !)Àij(t; !)dp(!)dº(t)

Consider the Central Bank’s liquidity management stochastic problem:
8
>>>><
>>>>:

supÀ2L1(º;K)
RT
0

R
S

P
(i;j)2B£Bxij(t; !)Àij(t;!)dp(!)dº(t)

s.t.
P
fj:(i;j)2B£Bgxij(t; !)Àij(t;!) 6 Bi

o + ¹Di(t; !)+ zi(t; !)

+
R
[0;t)

hP
j2Bxji(¿;!)Àji(¿; !) ¡ P

j2Bxij(¿;!)Àij(¿;!)
i
dº(¿)

0 6 Àij(t; !) 6 1, 8i 2 B; 8t 2 [0;T ]; p¡ a:e:

Here, Bi
o is the initial balance of bank i at its central bank account. It is the minimum

balance that the central bank requires bank i to hold in the beginning of every day.
The function ¹Di denotes the net debit cap for bank i. It is a source of liquidity o¤ered by

the central bank to bank i. The overall e¤ect of a net debit cap is that bank i is allowed to incur
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temporary intraday overdrafts up to a certain amount. Let ¹D : T £S ! [0; 1)n be de…ned by
¹D(t; !) = ( ¹D1(t; !); :::; ¹Dn(t;!)), where ¹Di(t;!) is a net debit cap for bank i at time t and in
state !.

Finally,

zi(t;!) =

( P
fj :(i;j)2B£Bg zij(t;!); if t < T

¡ R T
0 yi(¿; !)dº(¿) if t = T

where zij(t; !) is the amount of the collateralized loan received by bank i at time t and state
! in order to full…l its payment obligations toward bank j, and yi(t;!) =

P
j2B yij(t;!) is the

total value of the collateral o¤ered at time t and state ! that will be repurchased by bank i

from the central bank at the end of the day, so that zi(T;!) = ¡R T
0 yi(¿;!)dº(¿), is the repo

price to be paid at the end of the day and state !. Let z : T £ S ! [0;1)n be de…ned by
z(t; !) = (z1(t; !); :::; zn(t;!)).

We may even suppose that Lombard loans are prices through haircuts, which are, not in
name but in essence, interest rates on intraday loans. Each Lombard loan at any time has a
time-dependent interest rate. It is reasonable to assume that Lombard loans made earlier in the
day have lower prices, while Lombard loans made by the end of the day have higher prices. Let
ri(t;!) be the interest rate charged on a Lombard loan to bank i at time t and state !: Then:

zi(t;!) =

( P
fj:(i;j)2B£Bg zij(t; !); if t < T

¡ R T
0 (1 + ri(¿;!))yi(¿;!)dº(¿) if t = T

Let ¼ = (Bo; ¹D; z) be the parameter and assume that there is a compact set ¦ ½ [0;1)n£
L1( ;̧ E¤)2 such that ¼ 2 ¦. We call ¼ a systemic monetary policy.

De…ne the function g : T £ S ! Rn+ by g(t; !) = (g1(t; !); :::; gn(t; !)), where gi(t; !) =

Bi
o + ¹Di(t;!) + zi(t; !); 8i 2 B, 8t 2 T, p ¡a:e: By assumption, g 2 L1(º; E¤), since ( ¹D; z) 2

proj2;3¦ ½ L1(º; E¤)2 and Bo = (B1
o ; :::;B

n
o ) is constant. The function g describes the collection

of sources of liquidity. It includes both initial reserve requirements and intraday credit policies
in the form of net debit caps and Lombard loans.

Recall that x(t;!) £ À(t; !) =
P
(i;j)2B£B xij(t; !)Àij(t; !), where x(t; !) and À(t;!) are

matrices. Let vec[x(t;!)] and vec[À(t;!)] be the vectorizations of x(t; !) and À(t; !), respectively.
With abuse of notation, but clearly without any confusion, we can still denote such vectorizations
by x(t; !) and À(t;!); respectively, with x(t;!); À(t;!) 2 Rm. In other words, x(t;!) would be
written as x(t;!) = (x11(t;!); :::; x1n(t; !); :::; xn1(t; !); :::; xnn(t;!)), and similarly for À(t; !),
i.e., À(t;!) = (À11(t;!); :::;À1n(t;!); :::; Àn1(t; !); :::; Ànn(t;!)):

The Central Bank wants to minimize systemic liquidity:

¤ =
P
i2BBi

o ¡ 1
º(T)

R T
0

R
S x(t; !)À(t; !)dp(!)dº(t)

The objective function can then be replaced by the total payments ‡ow, that is:
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F(À) =
R T
0

R
S x(t; !)À(t; !)dp(!)dº(t)

De…ne the following matrices, 8i 2 B, 8(t; !) 2 T£ S:

Xi(t; !) =

2
6666666666664

0 ¢ ¢ ¢ 0
...

. ..
...

0 ¢ ¢ ¢ 0

xi1(t;!) ¢ ¢ ¢ xin(t; !)

0 ¢ ¢ ¢ 0
...

. ..
...

0 ¢ ¢ ¢ 0

3
7777777777775

Ã ith row

Yi(t; !) =

2
66664

xi1(t;!) 0 ¢ ¢ ¢ 0

0 xi2(t; !) ¢ ¢ ¢ 0
...

...
. . .

...
0 0 ¢ ¢ ¢ xin(t; !)

3
77775
n£n

Consider the partitioned matrices:

X(t; !) =
h

X1(t; !) j ¢ ¢ ¢ j Xn(t;!)
i
n£n2

Y (t; !) =
h

Y1(t;!) j ¢ ¢ ¢ j Yn(t; !)
i
n£n2

Then the expression
P
j2B xji(¿; !)Àji(¿;!)¡P

j2B xij(¿; !)Àij(¿;!); 8i 2 B, can be written
in matrix form as:

Y (¿;!)À(¿; !) ¡ X(¿;!)À(¿; !) = [Y (¿;!) ¡X(¿; !)]À(¿;!), 8¿ 2 T; p¡ a:e:

In order to write down the dual problem properly, the constraint Àij(t; !) 6 1, 8t 2 T; p¡a:e:;

8i; j 2 B; must be written explicitly in the feasible set. Relax the condition À 2 L1(º;K) to
À 2 L1(º;E) with the added constraint À 6 1, i.e., À(t; !) 6 1, 8t 2 T; p¡ a:e:, where 1 is the
vector with entries equal to 1. Therefore we have:

8
><
>:

supÀ2L1(º;E)
R T
0

R
S x(t;!)À(t;!)dp(!)dº(t)

s.t. X(t; !)À(t; !) 6 g(t;!) +
R t
0
[Y (¿; !) ¡ X(¿; !)]À(¿; !)dº(¿)

0 6 À(t; !) 6 1, 8t 2 T; p ¡a:e:

De…ne the operator © : L1(º; E) ! L1(º; E) by:

©(À)(t; !) = X(t;!)À(t;!)¡
Z t

0
[Y (¿;!) ¡X(¿; !)]À(¿;!)dº(¿)
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and let the operator ª : L1(º; E¤) ! L1(º;E¤) be given by:

ª(´)(t;!) = ´(t;!)X(t; !) ¡
Z T

t
´(¿; !)[Y (¿; !) ¡ X(¿; !)]dº(¿)

Notice that we can also write:

ª(´)(t;!) = X(t; !)>´(t;!) ¡
Z T

t
[Y>(¿;!)¡ X>(¿; !)]´(¿; !)dº(¿)

Proposition 7 The operators © and ª satisfy h´; ©Ài = hª´;Ài, hence ª = ©¤, i.e., ª is the
adjoint of ©:

Proof. Applying Fubini’s theorem, we have:

h´; ©Ài = ´(t; !)X(t; !)À(t; !) ¡ RT
0 ´(t; !)©(À)(t;!)dº(t)

= ´(t;!)X(t;!)À(t;!) ¡ R T
0

´(t;!)fR t
0
[Y (¿;!)¡ X(¿;!)]À(¿;!)dº(¿)gdº(t)

= ´(t;!)X(t;!)À(t;!) ¡ R T
0

R t
0 ´(t;!)[Y (¿;!) ¡X(¿;!)]À(¿;!)dº(¿)dº(t)

We claim that:
R T
0

R t
0 ´(t;!)[Y (¿;!) ¡X(¿; !)]À(¿;!)dº(¿)dº(t)

=
RT
0

RT
t ´(t; !)[Y (¿; !) ¡ X(¿;!)]dº(¿)À(¿; !)dº(t)

Indeed, if we de…ne K(t; ¿; !) = ´(t; !)[Y (¿; !) ¡ X(¿;!)]À(¿;!), it amounts to show that,
for each …xed ! 2 ­:

R T
0

R t
0 K(t; ¿;!)dº(¿)dº(t) =

R T
0

R T
t K(¿; t;!)dº(t)dº(¿)

It is easy to see that K(¢; ¢; !) 2 L1([0;T ] £ [0; T)). Indeed, the components of X and
Y are measurable and bounded, and À is bounded by 1. The integral on the left-hand side
is equal to

R R
¢

K(t; ¿;!)dº(¿)dº(t), where ¢ ½ [0;T ] £ [0;T ] is the triangle ¢ = f(t; ¿) 2
[0; T]£[0; T] : 0 6 ¿ 6 t;0 6 t 6 Tg. Simple calculations7 show that

R R
¢K(t; ¿ ;!)dº(¿)dº(t) =R T

0

R T
t K(¿; t;!)dº(t)dº(¿). Thus:

h´; ©Ài = ´(t;!)X(t; !)À(t; !) ¡ R T
0

R t
0 ´(t; !)[Y (¿; !) ¡ X(¿;!)]À(¿; !)d¸(¿)d¸(t)

= ´(t; !)X(t;!)À(t;!) ¡ R T
0

R T
t ´(t;!)[Y (¿;!) ¡X(¿; !)]d¸(¿)À(¿; !)d¸(t)

= hª´; Ài

Therefore, ª = ©¤, i.e., ª is the adjoint operator of ©; as was to be shown.
Thus the paired linear programming problems in an RTGS system are given by:

7Solve this integral as an iterated integral in the reverse order and interchange the names of t and ¿ [see

Schechter (1972, lemma 2.2)]:
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Primal

8
>>>><
>>>>:

supÀ x ¢ À
s:t: ©À 6 g

IÀ 6 1

À > 0

Dual

8
><
>:

inf(´;») ¸ ¢ g + » ¢ 1
s:t: ©¤¸ + I¤» > x

´; » > 0

In other words, the dual problem is:
8
>>>><
>>>>:

inf(´;»)
R T
0

R
S ¸(t;!)g(t;!)dp(!)dº(t) +

R T
0

R
S 1 ¢ »(t;!)dp(!)dº(t)

s:t: X(t; !)>¸(t;!) + »(t; !) > x(t;!)+
R T
t [Y>(t;!)¡ X>(t;!)]¸(¿; !)dº(¿)

¸(t;!); »(t;!) > 0;8t 2 [0;T ]; p ¡a:e:

( ;̧ ») 2 L1(º;K) £L1(º)

Putting it in a more explicit way, the dual problem is:
8
>>>><
>>>>:

inf(´;»)
RT
0

R
S

P
i2B¸i(t; !)gi(t; !)dp(!)dº(t) +

RT
0

R
S

P
(i;j)2B£B »ij(t;!)dp(!)dº(t)

s:t: xij(t;!)¸i(t; !) + »ij(t; !) > xij(t; !) + xij(t;!)
R T
t (¸j(¿; !) ¡ i̧(¿; !))dº(¿)

i̧(t;!); »ij(t; !) > 0;8i; j 2 B; 8t 2 [0; T]; p¡ a:e:

(¸;») 2 L1(º;K) £ L1(º)

Notice that, even though the space of dual programs is L1(º; K) £ L1(º), we want to …nd
solutions in the linear subspace L1(º;K)£ L1(º).

The dual constraints in the continuous case resembles the dual constraints for the discrete
case, that is:

xij(t;!)f i̧(t;!) +
R T
t [ i̧(¿; !) ¡ j̧(¿;!)]dº(¿)g + »ij(t; !) > xij(t; !)

The dual constraint above shows that the economic value of interbank payments are di¤erent
from the face values of the payments. Recall that the dimension of the consistency shadow-
prices is the same dimension of interbank payments, so the inequality above is well de…ned. The
economic value of an interbank payment xij(t; !) made at time t and state ! has to be as high
as the face value of the payment. The economic value of xij(t;!) has two components:

² xij(t; !)f¸i(t; !) +
R T
t [ i̧(¿; !) ¡¸j(¿; !)]dº(¿)g: the face value multiplied by its bilateral

net price. The bilateral net price is given by the liquidity shadow-price of bank i at time
t and state ! plus the cumulated net future bilateral shadow-prices between banks i and
j. This amounts to instant shadow-price plus a bilateral adjustment.

² »ij(t;!): the consistency shadow-price, which measures the endogenous price of splitting
the payment.
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If strong duality holds, the primal and dual values coincide:

D(Bo;1) =

Z T

0

Z

S

X

i2B
¸i(t;!)gi(t;!)dp(!)dº(t) +

Z T

0

Z

S

X

(i;j)2B£B
»ij(t;!)dp(!)dº(t)

=

Z T

0

Z

S
x(t;!)À(t;!)dp(!)dº(t)

= P(x)

Plugging the dual value into the de…nition of systemic liquidity, we get:

¤ =
X

i2B
Bi
o ¡ 1

¸(T)

Z T

0

Z

S

x(t;!)À(t;!)dp(!)dº(t)

=
X

i2B
Bi
o ¡ 1

¸(T)

Z T

0

Z

S

X

i2B
¸i(t; !)gi(t; !)dp(!)dº(t)

+

Z T

0

Z

S

X

(i;j)2B£B
»ij(t;!)dp(!)dº(t)

Since gi(t;!) = Bi
o + ¹Di(t; !) + zi(t; !); we have:

¤ =
X

i2B
Bi
o ¡ 1

º(T)

Z T

0

Z

S

X

i2B
¸i(t; !)(Bi

o + ¹Di(t; !) + zi(t;!))dp(!)dº(t)

¡
Z T

0

Z

S

X

(i;j)2B£B
»ij(t;!)dp(!)dº(t)

=
X

i2B
Bi
o ¡

X

i2B
Bi
o

1

º(T)

Z T

0

Z

S
i̧(t;!)dp(!)dº(t)

¡ 1

º(T)

Z T

0

Z

S

X

i2B
¸i(t; !)( ¹Di(t; !) + zi(t;!))dp(!)dº(t)

¡
X

(i;j)2B£B

1

º(T)

Z T

0

Z

S

»ij(t; !)dp(!)dº(t)

The Central Bank wants to use shadow-prices to set the control variables (initial balances, net
debit caps, and Lombard loans) in such a way to bring systemic liquidity down to its minimum
level, ¤ = 0: When systemic liquidity is zero, the design of the payment system allows interbank
payments to ‡ow smoothly without any outside money being unused any time.

De…nition 8 A systemic monetary policy ¼ 2 ¦ is liquidity-e¢cient if systemic liquidity is

zero, ¤ = 0:
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De…ne the following expected averages of shadow-prices over time:

¹̧e
i =

1

º(T)

Z T

0

Z

S
i̧(t; !)dp(!)dº(t)

¹»
e
ij =

1

º(T)

Z T

0

Z

S
»ij(t; !)dp(!)dº(t)

Then the fundamental equation for liquidity-e¢ciency becomes:

0 =
X

i2B
Bio(1 ¡ ¹̧e

i ) ¡
X

(i;j)2B£B

¹»
e
ij

¡ 1

º(T)

Z T

0

Z

S

X

i2B
i̧(t;!)( ¹Di(t;!) + zi(t; !))dp(!)dº(t)

4 Policy implications

In this section we present some policy implications drawn from our dual approach.
Suppose systemic liquidity is positive, which means that some outside money is being unused:

0 < ¤ =
X

i2B
Bi
o(1 ¡ ¹̧e

i ) ¡
X

(i;j)2B£B
¹»
e
ij

¡ 1

º(T)

Z T

0

Z

S

X

i2B
i̧(t;!)( ¹Di(t;!) + zi(t; !))dp(!)dº(t)

How can the Central Bank bring systemic liquidity down to zero, or as close to zero as
possible? Increasing reserve requirements uniformly, cœteris paribus, is not the answer, though it
is what Central Banks usually do. Indeed, the Central Bank should increase reserve requirements
of those banks with average expected liquidity shadow-prices above unity, 1 ¡ ¹̧e

i < 0: Some
banks may have their reserve requirements increased by as much as everybody else, but this
extra outside money may become stuck, for what these banks had were already enough for their
settlement purposes. Thus any extra money becomes unused, and this represents a deadweight
loss.

Suppose, for instance, that the only source of intraday liquidity, besides net transfers, is the
amount of initial reserves. If systemic liquidity is positive, then:

0 < ¤ =
X

i2B
Bi
o(1 ¡ ¹̧e

i ) ¡
X

(i;j)2B£B
¹»
e
ij

How could the Central Bank set reserve requirements so as to reduce systemic liquidity and
make the RTGS system as close as possible to a DNS system with no systemic risk? In this
simple case we are analyzing, the answer is given by the equation:

X

i2B
Bi¤
o (1 ¡ ¹̧e

i ) ¡
X

(i;j)2B£B
¹»
e
ij = 0
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One possible solution to it is:

Bi¤
o =

8
<
:

1
#B1(¹̧

e
i¡1)

P
k2BofBko(1 ¡ ¹̧e

k) ¡ P
j2B ¹»

e
kjg ¡

P
j2B

¹»eij
¹̧e
i¡1

if i 2 B1

Bi
o if i 2 Bo

Here, B1 = fi : ¹̧e
i > 1g is the set of banks with expected average liquidity shadow-price

strictly above unity and Bo = fi : 0 6 ¹̧e
i 6 1g = BnB1 is the rest of banks. The above solution

says that banks with low shadow-prices are required to keep their historical reserve balance, but
banks with high shadow-prices are required to change initial reserves to Bi¤

o :

Among other things, the Central Bank can estimate the e¤ect of di¤erent intraday credit
policies. For instance, what happens when some bank is allowed to use net debit caps? Suppose
the Central Bank could reward some banks with net debit caps. Shadow-prices tell us the extent
of such net debit caps. Suppose, for instance, that there are no Lombard loans and that net debit
caps are constant and uniform, i.e., banks have the same net debit cap, say ¹Di(t; !) = D > 0: If
¤ > 0, what is the best D? Consider the systemic liquidity before the introduction of net debit
caps:

¤ =
X

i2B
Bi
o(1 ¡ ¹̧e

i )¡
X

(i;j)2B£B
¹»
e
ij > 0

If the Central Bank introduces a net debit cap, then it want set D so as to get:

X

i2B
Bi
o(1 ¡ ¹̧e

i )¡
X

(i;j)2B£B
¹»
e
ij ¡ D

X

i2B
¹̧e
i = 0

that is:

D¤ =

P
i2B Bio(1 ¡ ¹̧e

i ) ¡P
(i;j)2B£B ¹»

e
ijP

i2B ¹̧e
i

Net debit caps can be personalized. Indeed, if we go further into our example, suppose we
want to set the optimal D¤

i : Then they solve:
X

i2B
Bi
o(1 ¡ ¹̧e

i )¡
X

(i;j)2B£B
¹»
e
ij ¡

X

i2B
D¤
i
¹̧e
i = 0

This is equivalent to:
X

i2B
fBi

o(1 ¡ ¹̧e
i) ¡

X

;j2B
¹»
e
ij ¡ D¤

i
¹̧e
ig = 0
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A possible solution is obtained by setting:

Bi
o(1 ¡ ¹̧e

i ) ¡
X

;j2B
¹»
e
ij ¡Di

¹̧e
i = 0

which implies that:

D¤
i =

Bio(1 ¡ ¹̧e
i ) ¡P

;j2B ¹»eij
¹̧e
i

Notice that some banks will get net debit caps, which amount to a form of subsidy from the
Central Bank, whereas other banks will have to pay taxes. Indeed, depending on the shadow-
prices, D¤

i may be positive or negative. Thus net debit caps should be …nanced by banks
themselves through redistribution of liquidity. While some banks get net debit caps, other
banks get a positive lower bound on current balance during the day.

From a political point of view, it is better to give banks with low shadow-prices no debit caps
and to set another level of net debit caps to banks with high shadow-prices. Of course, banks
with high shadow-prices will have to fully bear the costs of other banks not paying taxes. Again,
consider B1 = fi : ¹̧e

i > 1g; the set of banks with expected average liquidity shadow-price strictly
above unity and Bo = fi : 0 6 ¹̧e

i 6 1g = BnB1; the rest of banks. Then another solution is:

D¤
i =

8
<
:

Bio(1¡¹̧
e
i )¡

P
;j2B ¹»

e
ij

¹̧e
i

+ 1
#B1 ¹̧

e
i

P
k2Bo

fBk
o (1 ¡ ¹̧e

k) ¡P
;j2B

¹»
e
kjg if i 2 B1

0 if i 2 Bo

Comparing this result with he previous one, we see that net debit caps are reduced by the
amount given by the second term. The amount of reduction is exactly the amount of taxes not
paid by banks with low shadow-prices divided equally among banks with high shadow-prices
and weighed by the inverse of expected average liquidity shadow-prices. Thus banks with even
higher shadow-prices are rewarded with a lower reduction of net debit caps, whereas banks with
not so high shadow-prices are punished with a higher reduction of net debit caps.

5 Conclusion

By modelling the functioning of RTGS systems as a linear programming problem, the Central
Bank can use shadow-prices to implement systemic monetary policies optimally, i.e., in such a
way to bring systemic liquidity down to as close to zero as possible.

It is common practice for Central Banks to set reserve requirements to full…l medium and
long run macroeconomic policies. Our model shows that this way of setting reserve requirements
may yield deadweight losses through the payment system. Reserve requirements should be per-
sonalized and priced according to the externalities that individual banks create in the payment
system. Though a pricing like that is unthinkable from a political point of view, it is certainly
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correct from an economic perspective. On the other hand, should the pricing of reserve require-
ments be out of questions fro whatever reasons, the Central Bank still can use other monetary
tools such as net debit caps, Lombard loans and haircuts on such Lombard loans. All these tools
can be priced, so each bank would be charged di¤erently, in such a way to re‡ect its economic
value for the system.

The literature on payment systems has focused too much on the incentive e¤ects that the
design of payment systems have on individual banks’ intraday liquidity management, but has
given little attention to the optimal design of payment systems proper. Our model …lls this gap
out.

We believe that our framework can be used to study the reactions of individual banks to
the design of payment systems in a widely di¤erent way from the standard models, which are
usually based on Diamond-Dybvig economies. To be speci…c on this point, once the optimal
settlement rule is found out, individual banks can manage intraday liquidity ij the following way:
given beliefs on other banks’ behavior, the individual bank chooses the optimal time to send
a payment message. This amounts to a simple stopping time problem. Going a step further,
this shows that the Central Bank should have added incentive compatibility constraints so as to
induce banks not to delay payment messages. The Central Bank should thus introduce incentive
compatibility constraints to each bank into the primal problem, knowing that individual banks
have beliefs about each others’ action.
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