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The Principal-Agent Model with a
Continuum of Constraints:
The Infinite-Dimensional Approach

Rodrigo Souza Pefialoza’

Universidade de Brasilia (UnB) and University of California at Los Angeles (UCLA)
November, 1998

ABSTRACT: This paper is a survey about the existence of optimal contract mechanisms in the principal-
agent problems with moral hazard and adverse selection under a continuum of individual rationality and
incentive compatibility constraints. It presents the main existing results under a unified notation, shows
explicitly in what sense they are particular cases of the general model presented in Balder (JET, 68 (19906):
133-148), and provides a simple method (the model machine) to construct new models within the infinite
dimensional approach.

JEL Classification: C60, D82.

Keywords: Principal-agent models, existence of optimal contracts, sequential weak compactness.

Introduction

When a principal hires an agent to manage a firm, she might face two problems: the
problem of hidden action and the problem of hidden information. The hidden action
appears because the principal can not observe directly what action is the agent taking. This
problem is known in the literature as moral hazard. The hidden information in turn appears
because of the informational asymmetries that might exist between the principal and the
agent concerning the firm’s opportunities.

The principal-agent problem is defined as the problem of designing a contract
scheme that maximizes the principal’s utility subject to two constraints: the individual
rationality and the incentive compatibility. The first constraint induces the agent to accept
the contract. This happens whenever the contract makes the agent achieve a minimum
level of utility, the reservation utility level. In the case of moral hazard only, the second
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constraint induces the agent to take the action required by the principal. In the case of
adverse selection, the second constraint induces the agent to report truthfully her actual

type.

As pointed out by Hart & Holmstrém (1987), much of the theoretical results from
studying principal-agent models with moral hazard have been obtained by assuming that
the agent can take only two possible actions. When the agent is allowed to choose from a
finite action space with more than two actions, many complications related to
implementation, existence, and optimality come out [Mas-Collel, Whinston & Green
(1995), p.503]. When the action space is a continuum, then matters are still more difficult,
since the principal-agent problem turns into an optimization programming with a
continuum of constraints. The introduction of adverse selection with a continuum of types
simply doubles the difficulty, though the mathematical problem is the same in nature.

The most known method to cope with the continuum of constraints in the
principal-agent model is the first-order approach. It consists in substituting the continuum
of individual rationality and incentive compatibility constraints by a first-order condition
for maximization. However, Mirlees (1975) pointed out that the first-order approach
carries many problems itself, in the sense that it yields to local maxima, but may pick out
some compensation scheme that does not imply the conditions for a global maximum.
Grossman & Hart (1983) presented an alternative procedure to overcome the problems of
the first-order approach pointed out by Mitlees (1975). They showed that if the agent’s
preferences over income lotteries are independent of action, then an action can be
implemented by solving a standard convex programming problem. In addition, assuming
the monotone likelihood condition and the convexity of the distribution function, they
showed that the optimal contract is nondecreasing in output, provided the principal is risk-
neutral [Grossman & Hart (1983) and Rogerson (1985)]. Then one difficulty of the first-
order approach is therefore how to go from local maxima to global maximum without
assuming too many conditions on the behavior of the players.

As argued above, under a continuum of constraints (or constraints that hold almost
everywhere), the principal’s maximization problem of designing optimal contracts is not an
easy target to get. The most common method to deal with this problem, the first order
approach [Grossman & Hart (1983) and Rogerson (1985)], does not provide in general
equivalent solutions. In addition, many unnecessary assumptions on differentiability are
required. In Grossman & Hart (1983) and Rogerson (1985), the existence problem is
addressed by assuming only finitely many outcomes. Another important feature of the
models in Grossman & Hart (1983) and Rogerson (1985) is that both the principal and the
agent have the same probability beliefs and these beliefs are such that each of the finitely
many outcomes has a positive probability regardless of the agent’s action.

The best method to solve the problem is to face it exactly how it is: an infinite-
dimensional problem. Thus the main tool is the infinite-dimensional analysis. Grosso m0do,
this approach focuses on modeling the set of available contracts as a subset of a infinite-
dimensional space. 1 call this the #nfinite-dimensional approach or the infinite-dimensional
principal-agent model. The strategy consists in setting conditions implying compactness



and nonemptyness of the set of all incentive compatible and individually rational contract
selection mechanisms (i.e., the menu of contracts), and implying continuity of the
principal’s expected (over types and/or over states of the wotld) utility, so that a solution
will always exists by the Weierstrass theorem. Notice however that compactness and
continuity in infinite-dimensional spaces are more subtle and difficult than in finite-
dimensional spaces.

Infinite-dimensional spaces arise naturally in many important and relevant economic
situations. For instance, suppose that a certain contract pays off affinely according to the
realization of a normally distributed random variable. Hence the payoff function of the
contract is itself a normally distributed random variable. Suppose in addition that the
beliefs about the events of the world are described by a probability measure that is
absolutely continuous with respect to the Lebesgue measure and that its Radon-Nykodim
derivative (i.e., its density function) is such a normal density. If we define two contracts as
equivalent contracts whenever they generate the same payoff function almost everywhere,
then we can describe the set of available contracts as embedded in the infinite-dimensional
space of integrable functions with respect to a measure that is absolutely continuous with
respect to the Lebesgue measure. So instead of working with a lot of functions that satisfy a
lot of conditions, we can work directly with the infinite-dimensional space that describes
the model.

Therefore the infinite-dimensional approach is not only a mathematical
generalization. On the contrary it is a model that describes better most of the important
economic situations. This is simply a more powerful point of view.

Page (1987) addressed for the first time the problem of formulating the principal-
agent model in an infinite dimensional setting. By assuming that the contract space is
infinite dimensional, he allowed the set of outcomes on which the contract payoffs are
based to be uncountable, namely, a continuum. If we recall that Grossman & Hart (1983)
and Rogerson (1985) treat the existence problem assuming only finitely many outcomes, we
can easily see that Page (1987)’s model is more general. Moreover, in Page (1987) the
principal and the agent are allowed to disagree on the probabilities of the events as
functions of the agent’s action. They can even disagree on events of probability zero as a
result of particular actions. However, Page (1987) did not consider the problem of adverse
selection. Indeed, he considered only the existence of optimal contracts under moral
hazard when the action space is a continuum.

Things changed after Balder (1989 and 1990) extended to infinite dimensional
spaces a well-known theorem of Komlés. Specifically, this is a theorem that characterizes
sequential compactness by taking subsequences that converge in average, which is a natural
counterpart of the strong law of large numbers. Despite it is a mathematical result, it was
this theorem that allowed the subsequent development of a research agenda applying
infinite dimensional analysis to the principal-agent problem under moral hazard and
adverse selection with a continuum of constraints. All papers in this research agenda use
Balder (1989 and 1990)’s result, with no exception.



In order to understand the importance of Balder (1989 and 1990)’s result to this
literature, we have to make a brief digression. We know from the finite dimensional
optimization theories that if the constraint set is nonempty, convex, and compact, and the
objective function is continuous, then a solution exists and, by Berge’s maximum theorem,
that the value function is well behaved. A moment of reflection makes us ask whether this
is so in infinite dimensional spaces. Problems concerning nonemptyness of the interior of
positive cones, weak compactness of the closure of the unit ball, etc., are much more
complicated. These problems are not addressed here, but it is worth mentioning that Balder
(1989 and 1990)’s result provides a method to show that a subset of an infinite dimensional
space is relatively compact. Specifically, by using the generalized Komlés theorem, the
difficult problem of finding a suitable topology for the set of contract selection
mechanisms can be reduced to the easier problem of identifying topological properties for
the contract set that guarantee the existence of an optimal contract mechanism [Page
(1991), p. 323-324]. To motivate the reader, in some principal-agent models the menu of
feasible contracts is the set of probability measures on a suitable space of functions. Such a
space of functions describes the type of payoff functions that players face (e.g., increasing
functions, continuous functions, bounded functions, etc.). These are exactly the models
surveyed here.

The infinite dimensional approach has been applied to many different economic
problems. For example screening problems with moral hazard [Page (1992a)], optimal
auctions with many agents [Page (1998)], Stackelberg games with incomplete information
[Page (1989)], Bayesian incentive compatible mechanisms [Page (1992b)], existence of Nash
equilibria [Balder (1995)], and the principal-agent problem [Page (1991 and 1994), Balder &
Yannelis (1993), and Balder (1990)].

In this paper I present a survey on the existence problem in the principal-agent
models with moral hazard and adverse selection within the infinite dimensional approach. 1
define the infinite dimensional approach to the principal-agent model with moral hazard
and adverse selection as the model described in Balder (1996). For instance, it can be
realized that all other models surveyed here are indeed special cases of Balder (1996)’s. In
section 1, I present the infinite dimensional approach as an infinite dimensional
programming problem and show that such a problem is well posed. Also, in this section I
introduce the notation that is going to be used throughout the survey, so that comparisons
can be easy to the reader. Sometimes I call this model the general model. In section 2 the
existence results are presented. Balder (1996) distinguishes two kinds of individual
rationality and incentive compatibility constraints: those that hold everywhere and those
that hold almost everywhere (i.e., except for a set of measure zero). Then there are two
kinds of maximization the principal might solve. For each problem a theorem of existence
is provided. Balder (1996) also introduces the new concept of misspecification
correspondence. Such a correspondence describes the subset of types that can be
misreported by the agent. This correspondence has proved to be useful in modeling the
multi-agent set-up. Section 3 presents the model of state-contingent contracts as in Balder
& Yannelis (1993). In this model the set of potential payoff functions is contingent to the
state of the world. In this section I show how this model is indeed a special case of Balder



(1996)’s. In order to do that I show that all the assumptions in Balder & Yannelis (1993)
imply the assumptions of the general model. Section 4 presents the model of mixed
contracts as in Page (1994). By mixed contracts Page (1994) understands probability
measures on the space of payoff functions under which the contract mechanism is going to
be selected. This method is known also as direct probabilistic mechanism selection and its
origin can be found in Myerson (1982). This is also a principal-multi-agent model. Section 5
presents Page (1991)’s model of one principal, one agent and mixed contracts. Obviously
this is a special case of Page (1994)’s model. In all these sections I show explicitly how to
encapsulate the models in the general model. Balder (1996) only states briefly that his
model is more general. This survey makes this statement clear, in the sense that I show
deeply that every assumption of the general model are satisfied by each particular model.
When the proof of a result is reproduced from the original paper, the author is referred to
in the statement of the proposition. However some details of the original proofs are
worked out a bit. In section 6 I present some spaces of payoff functions that generate
menus of contracts that satisfy the assumptions of the general model. I realized that the
papers in this research agenda follow a procedure to construct the models. I present this
algorithm in section 7 and call it the model machine. Finally, section 8 concludes the survey
and presents a synoptic table. It includes the models surveyed here and some other models
not surveyed.

Because of the very nature of the existence problem, this survey is pretty technical.
Issues like efficiency, second-best solution, etc., are not addressed here. Nevertheless, it
summarizes the essential tool necessary to formulate principal-agent problems under
continua. Moreover, it presents the main results on existence in this agenda with a unified
notation, and shows explicitly (see the model machine in section 7) in what sense the
existing models follow the same method of construction.

1. The infinite-dimensional approach

1.7 Introduction

In this section I present the principal-agent model as given in Balder (1996), which includes
most of the results on the existence of optimal contracts with a continuum of incentive-
compatibility and individual rationality constraints as particular cases. His model is general
enough to treat simultaneously moral hazard and adverse selection problems.

The main contribution of Balder (1996)’s paper was to catch the topological
assumptions on the feasible set for the principal, i.e., the menu of contracts, that underlie
all the existing papers using the infinite-dimensional approach together with Komlos
sequential compactness.

In the problem with moral hazard only, the principal is fully informed about the
agent’s type. Hence the problem of getting an optimal contract arises because the principal
can not control the agent’s action via contracts contingent on the agent’s action. However,



as argued in the introduction, this survey concerns to models that consider also adverse
selection.

In the case the principal is uncertain about the agent’s type, there is a problem of
adverse selection. If the principal is supposed to own beliefs concerning agent’s types, the
problem of designing optimal contracts has to take these beliefs into account.

The rest of the section presents Balder (1996)’s model in a more synthetic way. By
this I mean that I simplified notation a bit and condensed his nine assumptions into four.
All the economic entities and respective notations introduced in this section are kept the
same throughout this survey. This makes comparisons easier to the reader. After describing
the assumptions of the model (section 1.2), it is proved that the set of constraints is
nonempty (proposition 1). Though not important for the main results of the model, I
prove (proposition 2) that both kinds of feasible sets defined in Balder (1996) are convex.
Actually this is a straightforward conclusion. The only merit of this result is to show that
the feasible sets are much well behaved than they appear at a first sight (section 1.3).

1.2. The set-up

The structure of the agent’s types is described by the probability space (1,3, v), where J is a
o-field on T and v is an atomless measure. The continuum feature of this space is caught
by the assumption that the probability measure on types is atomless. Then there does not
exist any singleton type with positive probability measure. This is not very restrictive at all,
because the agenda of the infinite-dimensional approach concerns exactly with continua of
economic entities involved in the model. On the other hand, it does not mean that
continuum of types is more real than finiteness of types. It just models different economic
situations that are more reasonable to be thought as continua. When the principal faces the
incentive compatibility and the individual rationality constraints on the agent’s utility, it is
this continuum that makes her maximization problem infinite-dimensional. The same could
happen if the continuum were imposed on, e.g., possible effort levels available to the agent.
The analysis is quite the same. The usefulness of the infinite dimensional approach rises
because under continua it is the best approach.

In order to describe the set of contracts available to the principal within an infinite-
dimensional framework, let (E,7) be a Hausdorff locally convex topological vector space

endowed with a topology 7. The menu of contracts is given by a subset K E satisfying the
following assumption:

(A1) KC E is convex, compact, and metrizable for the relative topology inberited from E.

So a contract is an element xeK. Endow K with the Borel-c-field N generated by

the relative topology on K. Any (3,N)-measurable function fT—=K is said to be a contract
selection mechanism. Hence once the principal adopts the contract selection mechanism £, she



has to offer the contract f{?) to the agent provided the agent reports type £ This assumption
is crucial for the regularity of the principal’s problem. It eliminates nonexistence problems
and guarantees the continuity of the expected utilities of the players [Page (1991), p. 328-
329]. These topological and dimensionality assumptions on the menu of contracts are
general enough to include all of the most common infinite-dimensional contract spaces.
Indeed, some of the particular cases of this infinite-dimensional approach describe the
menu of contracts as the set of integrable selections of some suitable Banach-space valued
correspondence [Balder & Yannelis (1993)]. Other applications consider the set of
probability measures on compacta [Page (1989, 1991, 1994, and 1998)]. The infinite-
dimensionality of the menu of contracts is not just a mathematical generalization. It has the
virtue of being the right space of contracts to model most of economic environments
involving continua of some underlying entity. In section 6 some infinite dimensional spaces
of payoff functions that generate menus of contracts that satisfy assumption (Al) are

provided.

The moral hazard problem with a continuum of actions is incorporated in the set K.
Indeed, as we will see later in this section, the actions taken by the agent from the set K
influence the principal’s utility.

The set of rational contracts for the type-# agent has to be a subset of the available

menu of contracts. This is described by the rational contract correspondence I:T—>¢(K) (where
P(K) is the collection of all nonempty subsets of K) satisfying the following assumption:

(A2) VteT, I2) is convex and (relatively) closed.

Note that the only assumption on the rational contract correspondence is that it is
convex-closed valued. No measurability assumption is imposed.

Each type-7agent is allowed to misreport her type to the principal. This is described
by the wmisspecification correspondence M:T—>P(T). Again, no measurability is imposed on M.
Such a misspecification correspondence is a new concept and as will be seen later, it allows
for the simultaneous treatment of single-agents and multi-agents models. In general, the
assumption M(?) = T corresponds to the most common existing hypothesis, that is, the
agent is allowed to misreport, whatever her type. However nontrivial misspecification
correspondences can be used. This concept appeared by the first time in Balder (1996).
Though all models surveyed in this paper assume somehow trivial misspecification
correspondences, it is clear by the very definition of the misspecification correspondence
that this concept is able to enrich the existing models by allowing exogenous constraints on
misreporting or limited willingness to misreport.

The agent’s utility function is given by the I®N-measurable function U:TxK—>9
satisfying the following assumption:



(A3) VreT, Uft,-):I1t)—>H is continnons on K and affine on I{2).

This assumption guarantees the existence of an optimal action for the agent,
whatever her type.

Two kinds of individual rationality are considered as well as two kinds of incentive
compatibility. They differ essentially by their validity either almost surely or everywhere.
Balder (1996) captured very well this feature in the infinite dimensional agenda, so that this
is an important cut-off aspect that distinguishes many models.

DEFINITION: A contract selection mechanism fT-—3K is almost surely individually rational
(asIR) if fiz)el(?), v-a.s., ie., if fis a measurable selection of the correspondence /. Let
S(asIR) be the set of all asIR contract selection mechanisms. A contract selection
mechanism fT-—>K is individually rational (IR) if fit)el (#), VteT. Let S(IR) be the set of all IR

contract selection mechanisms.

DEFINITION: A contract selection mechanism fIT—>K is almost surely incentive compatible
(asIC) it Ufi2)2Urfit)), V'eM(t), v-as. Let S(asIC) be the set of all asIC contract
selection mechanisms. A contract selection mechanism 1K is incentive compatible (1C) if
Urfir)2Ufit), Ve'eM(), VieTl. Let S(IC) be the set of all IC contract selection

mechanisms.

Notice that the incentive compatibility is defined in terms of the misspecification
correspondence. Then in the case that M(?) is a proper subset of the type space T, the
resulting incentive compatibility constraint is smaller than in the trivial case M) = T.
Therefore, should this be the case, it is clear that the principal would get higher utility. This
fact highlights the conjecture that the utility level of the second best could be improved
upon, if efficiency were the issue. Since the only issue of this survey is the existence, I will
not care about this conjecture here. Moreover, all paper surveyed here address only the
question of existence.

The principal’s utility function is given by the JI®N-measurable function
17:TxK—»/-00,00) satistying the following assumption:

(A4) (1) VIS (asIR)NS (asIC), the function ¥:T—>[-00,00) defined by F(t)=V(1,/(t)) is F-measurable.
(i7) VteTl, V()1 (t)—>[-00,00) is concave and upper-semicontinnous on I(2). (ii7) 1" is integrably upper
bounded on S(asIR)NS (asIC) with respect to T, e, Fwel (V) such that, V€S (asIR)NS (asIC),
V(1) <w(?), v-a.s., where 1. (V) is the set of real-valued V-integrable functions on T.



The role of assumption (A4-i) is technical. The measurability of the utility is a
necessary condition to define a meaningful principal’s expected utility over agent’s types,
that is, to deal with the adverse selection problem. Assumption (A4-ii) says that the
principal’s utility is well behaved. It means that for each reported type, the principal prefers
to diversify individually rational contract selection mechanisms. In other words, the type-
contingent upper contour set of the principal’s preferences is convex and closed.
Assumption (A4-iii) guarantees that the principal’s expected utility over types is finite.

In general, the set of rational contracts for the agent is defined via some reservation
utility function r:-T—>9, so that a contract x€K is individually rational for the type-# agent if
U(tx) = rt). In this case the rational contracts correspondence is clearly given by
It)={xeK: Uftx) = nt)}. Since no measurability condition is imposed to I, no
measurability condition is imposed to the reservation utility function 7 either.

1.3. The menus of contracts are well behaved

Now we will show that both kinds of menus of contracts are nonempty (proposition 1) and
convex (proposition 2). These menus of contracts are given by S({IR)NS(IC) and

S(asIR)NS (asIC). This shows that the set for the maximization program the principal must
solve is in some sense well posed.

The following proposition assures that the sets of (a.s.) individually rational and
(a.s.) incentive compatible contract selection mechanisms are non-empty.

PROPOSITION 1 (Balder, 1996): Assume (A1)-(A4), and suppose that the rational contracts
corvespondence is defined via some reservation utility, i.e., I'(t)={x€eK: U(tx) = r(t)}.

(@) If I'1)2O, v-a.s., then S(asIR)NS (asIC)zL.
() If I')#T, VieT, then SAR)NS(1C)ZL.

PROOF: Define the cotrespondence A:T—=P(K) by A(t)=argmax{U(tx): x€K}. Since K is
compact and metrizable, and U(s,-) is continuous on K, VzeT, and is I®N-measurable, it

follows that A is (3,Bor(P(K)))-measurable, where Bor(P(K)) is the Borel-o-field on P(K)
generated by the Hausdorff topology of closed convergence. Since U is continuous on

compact K, it follows from Weierstrass theorem that A#)#CJ Then by the measurable
selection theorem, there exists a measurable selection @*T—=K of A, i.e., p*()€A(t), V¢€T.
Then U @*(1)2 sup{U(tx): xeK}. In particular, we have that U@ e*2)= Ulte*(t)),
V#'eM(t). This means that g*eS(IC).

It is easy to see that S(IC)c S(asIC). Indeed, for any incentive compatible contract selection
mechanism ge S(IC), we have that, V¢eT, Uftg(?)= Uftgt)), V#'€T. Since this holds V€T,
it holds in particular v-a.s., hence geS§(asIC), so S(IC)c S(asIC).

9



Therefore, p*eS(asIC) as well.

Now assume that [ (#)2&, v-a.s. Since U(t,p*X(2))2 sup{U(t,x): x€K}, V€T, and since U(tx)
= 1(t), Vxel (1), v-as., we have that U, @*1) = r(t), v-a.s., hence ¢*eS(asIR). Therefore,
p*eS(asIR)NS (asIC).

Now assume that /{#)#&, VteT. By the same argument as above, we have that U, @*(2)>
(t), VteT, hence p*eS(IR). Therefore, ¢*SIR)NS(IC). U

Since Balder (1996) allows for two different kinds of individual rationality and
incentive compatibility, the feasible set for the principal can be either S(@sIR)N\S(asIC) or
SARINSAC). 1 call S(asIR)NS (asIC) the quasi-feasible set (or the menn of quasi-feasible contracts),

and S(IR)NS(IC) the feasible set (or the menu of feasible contracts). Then proposition 1 gives
sufficient conditions under which the menus of quasi-feasible contracts and the menu of
feasible contracts are nonempty.

Balder (1996) did not prove that both menus of quasi-feasible and feasible contracts
are convex. Indeed, this is not important for the main results on existence, since
compactness suffices. However convexity is interesting by itself, since it shows that the
constraints are much well behaved than at the first sight. Furthermore, convexity of the
teasible sets is important for many particular cases of the general model. For instance, in
Balder & Yannelis (1993) (section 3) the menu of contracts is given by the set of integrable
selections of the contingent potential contract payoffs correspondence, hence it is convex,
provided the correspondence is convex. Therefore, I will prove in proposition 2 below that
under the same conditions of proposition 1, the menus of quasi-feasible and feasible
contracts are convex.

PROPOSITION  2: Agssume that (A1)-(A4) hold and suppose that the rational contracts
correspondence is defined via some reservation utility, i.e., It)={xeK: U(tx) = r(t)}.

(@) If I'1)2D, v-a.s., then S(asIR)NS (asIC) is convex.
() If [11)22;, VieT, then SAR)NS(IC) is convex.

PROOF: (a) Let (1%, v-a.s. By proposition 1, S(asIR)NS(aslC)#Z. Then we can take
arbitrary fge S (asIR)N S(aslC). Let 0< a<'1. Consider » = af+(1-a)g.

I claim that 4 is well defined, i.e., that / takes values in K and is (3,¥)-measurable. Indeed,
since K is convex, the contract selection mechanism / satisfies, VzeT, hit)=af(?)+(1-

a)g(t)eK. Since fand g are both (J,N)-measurable, we have that 4 is (J,N)-measurable as
well. Then the contract selection mechanism 4 is well defined.

10



Now I will prove that S(@sIR) is convex. Since fis asIR, there exists a v-null set NeJ (i.e.,
V(N) = 0) such that /) el{?), V+eT\N. Since gis asIR, there exists a v-null set N’eJ (i.e.,
V(N) = 0) such that f{z) €l(2), VteT\N". Let N*=NCUN'". Cleatly N*€3J and v(IN¥=0.
Since by (A2), I{?) is convex, V¢€T, it is convex in particular V7€T\N* Since T\N*c
T\N and T\N*c T\N’, it follows in particular that {#),g(2)€ I'(#), V1€ T\IN* which implies
that h(t)=of(t)+(1-a)gt)e I (1), VteT\N*, i.e., v-a.s. Then he S(asIR). So, S(asIR) is convex.

Now I will prove that S(asIC) is convex. Since fe S(asIC), we have that there exists N’e€J
with V(N%)=0 such that U@/2)2UtN1)), V'eM(t), VteT\IN". Since ge S(asIC), we have
that there exists N’eJ with V(IN')=0 such that U(#g(?))= U(tg(t)), V'eM(1), V1€ T\N". Let
N**=N’CN". Then clearly N**eT with v(IN*¥)=0 and V+€T\N** and V#'eM(1): U(1f(t)=
Utfir)) and U(tg?)2U(tg(t)). Since by (A2) U(t-) is affine on [ (?), we have U(th(2)=
Uthafiy+(1-ajgtt) = aUtfig)+(1-a)Ulie) > aUfie)+(1-a)Utkgr) = Ulsafit)+(1-
a)g(t))= U(th(t)). Therefore: Uth(1)2Uth(1)), Ve T\N** (ie., v-a.s.) and V'eM(), ie.,
heS(asIC). So S(asIC) is convex.

Then S(asIR)N S(asIC) 1s convex.
(b) Let I()=, VteT. By proposition 1, SIR)NSAC)#I. Then we can take arbitrary
1geSIR)N SIC). Let 0< a<'1. Consider h = off+(1-a)g.

I claim that / is well defined. Indeed, since K is convex, the contract selection mechanism
satisties, V¢€T, h(t)=af(t)+(1-a)s(t)e K. Since fand g are both (J,N)-measurable, we have
that 4 is (3,N)-measurable as well. Then the contract selection mechanism / is well defined.

First, I will show that S(IR) is convex. Since fis IR, /) € (?), V¢€T. Since gis IR, fi7) €I {?),
VteT. Since by (A2), I(?) is convex, VteT, it follows that f{#),g(t)el(?), V¢eT, implies
ht)=aft)+(1-a)gt)el (?), Vt€T. Then he S(IR). So, S(IR) is convex.

Finally, I will show that §({IC) is convex. Since feS(IC), we have that U(f(2)2ULft)),
Vr'eM(t), VteT. Since geS(IC), we have that U(tgt)= Uftgt)), Vt'eM(t), VteT. Then
VteT and V'eM(t): Ui fi)= Utfit)) and Uftg(?)= Utgt)). Since by (A2) U(-) is affine
on [{t), we have U(nh(1)= Ul ofit)+(1-a)g(t) = aU(tf(1)+(1-0)U(tg(t) = aUfir))+(1-
a)Utgt) = Ultafit)+(1-a)gt))= Uh(t)). Therefore: U(th(z)= Uth(t)), VteTl and
Vtr'eM) ie., heS(IC). So S(IC)is convex.

Then S(IR)N S(IC)is convex. U

2. Existence of optimal contracts

2.1 Introduction

In this section I present the existence theorems for the infinite-dimensional principal-agent
model. In Balder (1996) there are two existence theorems, depending on the feasibility
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everywhere or almost everywhere. I named these existence results respectively guasi-existence
theorem and existence theorenm.

In what follows I pose two kinds of maximization programming the principal might
face, depending on the kind of menu of contracts she is constrained to. I call the first of
them guasi-maximization problemr and the second one simply mwaximization problem. Afterwards,
existence results for both problems are proved.

2.2 The principal’s infinite dimensional programming

Given the incomplete information aspect of the general model, the principal is concerned
with maximizing her expected utility over the set of types of the agent. As we already know,
this is because of the adverse selection problem she faces concerned agent’s type. Then for

a given contract selection mechanism fT—K, the expected utility of the principal according
to her subjective probability belief v is defined by the functional:

I(f) = V(tf()v(dr)

The problem faced by the principal is that of finding a contract selection
mechanism f that assigns for each type-7 agent a contract f{?) in such a way that the type-#
agent is willing to participate and has incentive to honestly report her type to the principal.
In other words, fhas to be individually rational and incentive compatible. These constraints
may hold almost everywhere or everywhere. Hence there are two distinct problems for the
principal.

Detine the principal’s guasi-maximization problem as:

(asP) sup Iy (1)

S€Stasir)NSasic)

Similarly, define the principal’s maximization problem as:

®) sup  Iy(f)

JE€S NS ic)

The quasi-maximization problem is then the maximization when the principal faces
the menu of quasi-feasible contracts as her constraint set. Similarly, the maximization
problem is the principal’s maximization when she faces the menu of feasible contracts as a
constraint set. The kind of feasibility varies in the research agenda. For instance, in Balder
& Yannelis (1993) and Page (1991) the principal solves a maximization problem (see
sections 3 and 5), but in Page (1994) the principal solves a quasi-maximization problem (see
section 4).

Assume that the rational contract correspondence is defined via some reservation
utility function. In Balder (1990) it is not necessary, but it is one of the sufficient condition
for the nonemptyness of the feasible set (see proposition 1). Moreover, all the particular
cases surveyed here assume this.
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2.3 Two existence theorems

Below are the existence theorems as in Balder (1996), which I call quasi-existence theorem
and existence theorem, depending on whether they concern with quasi-feasibility or
teasibility. The main tool of the proof is the extraction of subsequences in an average sense
that characterizes sequential compactness in infinite-dimensional spaces. This tool was
introduced by Balder (1989, 1990) and extends to infinite-dimensional spaces the classical
Komlés-convergence for a sequence of integrable real-valued functions. Obviously, this
does not concerns with this survey in a direct way, but it is worth mentioning that this tool
is used in all (with no exceptions) proofs of existence of solutions in this literature.

QUASI-EXISTENCE THEOREM (Balder, 1996): Assume (A1)-(A4) and suppose that

T ()=, vea.s. Then there exists an optimal quasi-feasible contract selection mechanism f*€S (asIR)N
S(aslC) that solves the principal’s quasi-maximization problen (asP).

PROOF: Given (A1)-(A4) and given that /(?)2], v-a.s., it follows from proposition 1 that
S(asIR) NS (asIC)#. Then there exists a sequence { f;, } Sz, NS, e, such that:

lim 1,(f,)=sup{l,(f): f€ S(as[R) mS(ale)}

Indeed, this follows from (A4), ie., given that 17 is integrably upper bounded on
S(asIR)NS (asIC) with respect to [, and given that [7(4-) is concave and upper

semicontinuous on [ (#), and given the measurability of 1] the statement above follows
immediately from the Fatou lemma in infinite-dimensional spaces.

Given (Al) and (A2), it follows from the Komlos-type Balder theorem (Balder, 1990) that
there exists a subsequence { f,,} of {f,}, a v—null set NeJ (ie., VIN) = 0), and a
contract  selection  mechanism p*T—>K with  @*eS@lIR) such  that
lim, s, (t)=0*(t),VteT\N, where Sm(t):iz,’ilfki(t)a that is, the subsequence K-

converges to @* and moreover, given (Al):
I (9*) 2 lim, supl,(f,)=sup{l,(f):fe S(asIR) mS(aSIC)}

Now define the correspondence L:N—->P(K) by:

1(t)=(YetJts.(1))
p=l nzp
By lemma 4.1 of Balder (1990), L is (3”,Bot(P(K)))-measurable, where 3” is the relative G-
field 3 on N. By (A1), Kis compact and metrizable for the relative topology. Cleatly, I.(?) is
closed-valued, since it is the countable intersection of closed sets. Since L(?)CK, it follows
that I(2) is itself compact. Moreover, (#)#Z& Then L has a measurable selection y*:N—K
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[Castaing & Valadier (1977), theorem I11.6]. By the Komlés-type Balder theorem (Balder,
1990), y*eS(asIR).

It remains to show that y*e S (asIC).

By (A3), U(%) is continuous and concave on [ {?). Since f,, €Sz, NS 4c)» VM , we have
that:

©) Ucts,,(t)2U(ts,, (t')), VYteT\N' Vt'e M(t),Vm

tfor some N’e T'such that v(IN’)=0.

Let 1€ T\(NUN’) and #’€ M(2).

If & N, then s,,(t) > @*(t) and s,,(t') > @*(t' ), because this happens VzeT\NN. By
assumption (A3), U(z-) is continuous on [{#), hence U(ts,, (1)) >U(t,9p*(t)) and
Ucts,,(t'))—>U(t,o*(t')). Then, given the inequality above (¥), we have that
U(t,o*(t))2U(t,0*(t')),Yt'e M(t),¥teT\N, thatis, *is IC on T\N, so it is asIC, i.e.,
p*eS (asIR)NS (asIC).

Let #’e€N. Then y*(#) is the limit point of {s,, (¢ )}, by the definition of L(#), so there
exists a further subsequence {s,,, (')} such that s, (') > y*(t' ). Moreover, since &N,

we still have s,,.(t) = @*(¢). Then from the continuity of U(%-) and since the inequality

(*) above holds in particular to this further subsequence, i.c.,
U(t,s,,(t)2U(ts,,(t')),VteT\N' ,Vi'e M(t),V],
it follows that U(t,@*(t)) 2 U(t,y *(t')),Vt'e M(t), ¥t T\N'.
Finally, define the contract selection mechanism f*T—>K as:
SHO=0* () (D) +WH () 5y(1)

where y denotes the characteristic function. Then Uz f%(2))2U1f*%(t)), V'eM(1), v-a.s., i.e.,
f*eS(asIC), so f*eS (asIR)NS (asIC), and in addition:

L(f%)2lim sup I, (f,)=sup{l,(f): [ € S(as[R) mS(asIC)}

i.e., f*solves (asP). [

EXISTENCE THEOREM (Balder, 1996): Assume (A1)-(A4) and suppose that I(t)2, VteT.
Then there exists an optimal feasible contract selection mechanism [**€S(AR)NS(IC) that solves the
principal’s maximization problem (P). In particular, f** solves (asP) too.
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PROOF: Given (A1)-(A4) and given that [ (2)z, V¢€T, it follows from proposition 1 that
SAR)NS(IC)#Z. Then there exists a sequence { f, } S, ,, NS, ¢, such that:

lim 1,(f,)=sup{l,(f): fe S(IR) mS(IC)}
Given (Al) and (A2), it follows from the Komlos-type Balder theorem (Balder, 1990) that
there exists a subsequence { f,,} of {f,}, a v—null set NeJ (ie., VIN) = 0), and a
contract  selection = mechanism  @*T—>K  with  @*eS(@sIR) such  that
lim,s, (t)=0*(t),VYteT\N, where s,(t)= %ZZI fu(t), and moreover, the Komlos-type
Balder theorem (1990) also says that:

L (o*) 2 lim sup I, (f,)=sup{l,(f): [ € S(IR) mS(IC)}
Note that { f;,,(t)} < I(1), VteT, so o*(t)el(t), VieT\N, since I(?) is closed by (A2).

Now define the correspondence L:N—=>P(K) by:
Lit)=(Nel Jts, (1))
p=1 nzp

By lemma 4.1 of Balder (1996), L is (3",Bor(P(K)))-measurable, where J3” is the relative G-
field 3 on N. By (A1), Kis compact and metrizable for the relative topology. Cleatly, I.(?) is
closed-valued, since it is the countable intersection of closed sets. Since L(2) K| it follows
that L.(?) is itself compact. Moreover, [(#)Z&). Then L has a measurable selection y*:N—K
[Castaing & Valadier (1977), theorem I11.0] with w*(#) e argmax {1/(4x): x€L(1)}. Define

FET—=>K by f2%(t)=0*(t)yn(t)+y*(t)yy. Then fF*e S(IR) and f** = f* v-as. and
L (f*%) 2sup{ I, (f): f €8m0 Spic) /-

It remains to show that f**e S(IC).

By (A3) we have that:

* Ults,(t))2U(ts,(t')),VteT,Vt'e M), Vm,

provided that f,, €S,,.,, Vi

Let €T and #’eM(2). Then there are four cases to be considered.

Case 1: &N and #’¢N. In this case, s,,(t) > @ *(t) and s,(t' ) > ¢*(t' ). By continuity of
U(%-) and by (*) we have that U@0*(#)= U(@*(t)). Since in this case @*=/*f we get
Ultf*())2 U(t,/<(t))

Case 2: r&N and #’eN. In this case, f*%(#)) = y*(t) is still a limit point of {s, (')}, so there
exists a subsequence {s,,(#')} converging to f**(#). But at &N, s,,(1) > @*(1)= f**(1).
Then by continuity of U(%-) and by (¥) we have that Uz, f**(2))= U(t,f**(?)).
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Case 3: reN and #’¢N. In this case, /%) = y*(?) is still a limit point of {s, ()}, so there
exists a subsequence {s, (1)} converging to f**(?). But at &N, s,.(t') > @*(1' )= f**(t).
Then by continuity of U(%-) and by (¥) we have that Uz, f**(2))= U(t,f**(?)).
Case 4: reN and #’eN. In this case, f**(#) = y*(t) is still a limit point of {s, (1" )}, hence
w (1)} as in case 2 we have s,.(1) >y *(t) = f*(1)
and s, (") >y *(t' )= f*(#), so by continuity of U(%-) and by (¥) we have that U(z**())>
U(tf(t))
Therefore Ut f**(2)= U(tf**1)), N t'eM(1), VT, ie., ff*e SAC).
So fF*eSAR)NS(IC), 1.e., f**is feasible and:

LOf*2supfI,(f): f €S0 Sie) b

hence f**is a solution for the principal’s maximization problem (P).

working with the same subsequence {'s

Finally, recall that f*(z)= f**(#), v-a.s. Then f**is also a solution for (asP), since it is equal to
f*almost surely. []

All the models surveyed here are mere applications of some of the theorems above.
If the model uses quasi-feasibility, then its existence result comes immediately from the
quasi-existence theorem (see section 4). If the model uses feasibility, then its existence
result comes immediately from the existence theorem (see sections 3 and 5).

3. Contingent contracts with adverse selection

3.1 Introduction

In this section I will show how the model in Balder & Yannelis (1993) is a particular case of
the infinite-dimensional principal-agent model. Balder & Yannelis (1993) assume that
contracts are contingent to the states of the world. Their model also inherits adverse
selection. The principal’s problem is to design a contract in such a way that, given the
contract mechanism chosen by her, the agent responds by participating and by reporting
her type truthfully. Afterwards, the contract pays off randomly.

The notation I used in this section is totally compatible with the infinite-
dimensional model described above. The only simplification I made concerns with the
probability space that describes the uncertainty about the events of the world. Balder &
Yannelis (1993) assume that this probability space can be decomposed into its nonatomic
part and its atomic part. All of their existence results are proved separately for the
nonatomic and for the atomic part. Here I simply considered an atomless probability space.
This means that no single event has positive mass probability. Hence this model fits well
for the case of continuously distributed random variables. The reason for doing that is
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because I want to consider only the infinite-dimensional and the continuum features of the
principal-agent model.

The structure of this section is quite simple. I introduce in section 3.2 the
assumptions of Balder & Yannelis (1993)’s model and then I encapsulate them into the
assumptions of the general model. In other words, I present the model in this section and
show that they imply the assumptions of the general model as in Balder (1996), so that the
solution exists. It will be shown that in Balder & Yannelis (1993), the principal solves a
maximization problem. So she faces the menu of feasible contracts as constraint set. This
model is a particular case in the sense that it assumes an explicit form for the set of
contracts K. Specifically, this set is such that contracts pay off randomly.

3.2 The set-up

Let (€2, /o,1) be a probability space, where g is o-field on €2 and u is a probability
measure. The interesting feature of this model is that the probability measure does not
need to be atomless, hence the probability space £2 can be decomposed into an atomless
part €° and an atomic part Q') ie., £ = Q°U Q' This introduces the possibility of
existence of single events {@} with strictly positive probability. In the case that p is
absolutely continuous with respect to the Lebesgue measure A on ¥, then its Radon-
Nikodym derivative is not continuous. In other words, the beliefs about the events of the
wortld could be represented by discontinuous distribution functions. However, in order to
present their model in a simpler way without two much loss of generality, I will assume that
the probability space is atomless, that is, I will assume that Q'= . This simplification does
not rule out the main existing models, since most of them assume that the distributions are
continuous with compact support.

The set of potential contract payoffs is described by a separable Banach space
(B, " " ) where ” " is its norm. Assume that its dual is endowed with the weak-star
topology. For each state of the world there exists a specific subset of potential contract

payoffs available to the players. This is described by the existence of a (2,Bor(P(B)))-
measurable correspondence X:£2—>P(B), which satisfies the following assumption:

(B1) The correspondence X:82—>P(B) is integrably bounded, non-empty valued, convex-valued, and weakly
compact-valued, pi-a.s.

Then the set of potential contract payoffs is contingent, that is, for each state of the
wortld there might be a different set of potential payoff functions. In section 6 some of
these potential payoff functions are provided. The underlying measure is clearly 2. Next we
define a state-contingent contract as a measurable selection of the correspondence X. It is
assumed that these contracts are Bochner-integrable. Recall that this is an adequate (though
not the only one) integral for Banach space valued functions.
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DEFINITION: A state-contingent contract x is a Bochner-integrable (hence a (,B)-

measurable) function x:42—B such that x(@) € X(w), p-a.s., where B is the Borel-6-field on
B generated by the weak topology of B. In other words, a state-contingent contract is an
Bochner-integrable selection of the correspondence X. Denote by S'(X) the set of all state-
contingent contracts.

To motivate the reader, we could assume for example that the set of potential
payoff functions is the set of all measurable nondecreasing functions with values on some
bounded set of payoffs. Then for almost every state of the world the principal has to look
for a contract that pays off nondecreasingly in some variable, e.g., observable production
levels (see section 6 for further examples).

The set of types is described by the probability space (1,3, V), where v denotes the
principal’s probability beliefs concerning agent’s types. Obviously this probability space is
like in Balder (1996)’s model, that is, it atomless. The agent’s utility function is a I® & 'H
-measurable function given by #Tx€2xB—¥7 and satisfying the following assumption:

B2) VieT, ut,@,"):X(w)—=>9 is continnous on T and affine on X(®), p-a.s. (ii) u is integrably
bounded on B with respect to (T'x€23E 2, v&u), where I g2 is the product-o-field and vEu is the
product-measure, so that &L (VEU) such that sup{ / u(t,0,x) /: xeB}<Etw), vOU-a.s.

Assumption (B2-if) guarantees that the agent’s expected utility is finite. Assumption
(B2-1) means that the agent is almost surely risk-neutral on the payoffs.

3.3 Fitting the model into the infinite dimensional frameworfk

Given this basic structure of Balder & Yannelis (1993)’s model, I start showing how to fit it
into the general framework. Balder (1996) mentions briefly that this model is a particular
case of his model, but here I show this deeply.

The set of contracts is given by K = §'(X). Clearly Kc E, where E = L'(€2B) is the
set of all Bochner-integrable functions from £2into the Banach space B, and E is endowed
with the weak topology 7. Since B is separable, it follows that the weak topology is the

coarsest locally convex topology on B compatible with Riesz duality. Then (E,7) is indeed a
Hausdorff locally convex topological space. The economic meaning of the space E is that it
is the collection of all (classes of equivalent) state-contingent contracts that have finite

mean. Let X be the Borel-o-field generated by such a topology. Thus a contract selection
mechanism (according to the taxonomy of the infinite-dimensional model) is any (3J,N)-
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measurable function £T—K. In the following proposition I show that for this particular set
of contracts K the assumption (A1) of the general model is satisfied.

PROPOSITION 3: Let K = S8'(X). Given (B1), K satisfies assumption (AT).

PROOF: By the assumption (B1), the correspondence X is integrably bounded, and X(w)

is weakly compact (in the relative topology inherited from E), p-a.s. By Klei (1988)’s
theorem, it is a necessary and sufficient condition for S'(X) to be weakly compact. Since B
is separable, we have that K is metrizable for the (relative) weak topology. It remains to

show that Kis convex. Let x,y€K, and let 0< a< 7. By assumption, there exists Ne g with
HU(N)=0 such that x(@)eX(®), Vwel\N, and there exists N’€ g with ¢(IN’)=0 such that
Yw)eX(®w), Vocf\N". Let N°=NUN’. Then N°e o, yN9)=0, and x(w)y(ow)eX(w),
VoefA\N° Since X(®) is convex, pl-a.s., there exists N?€ @ with £#(IN?)=0 such that X(®)
is convex, Vwe(AN?. Now define N*=N°CN2Z Then Ntegp, yIN*=0, and
o)=ax(w)+(1-a)y(w) eX(w), VoefA\NX ie., pas. In other words, 7 is an integrable
selection of X so zeK. Then Kis convex. []

Now we are able to introduce the individual rationality and the rational contract

correspondence. The utility of the agent is the (J,&N)-measurable function U:TxK—>%
given by:

U(t,x)= j LH(L0.x(0))u(do)

The rational contract correspondence /:T—>P(K) is defined via the reservation utility
function 7-’T—=#%, which is normalized to be zero, i.e., 7#)= 0. Then [{t)={xeK: U(tx)= 0}.
Next I prove that assumptions (A2) and (A3) are satisfied.

PROPOSITION 4: Assume (B2). Then the rational contract correspondence I and the agent’s utility
U(t,-) satisfy assumptions (A2) and (A3).

PROOF: Let #€T. I will show that /{7 is convex and closed and that U(?,-) is affine on 7 {2).
The proof of continuity will be referred to Balder & Yannelis (1993). Take, x,ye/{#) and
consider 0<a<7. Since x,y €K, we have that x(®),y(®) eX(®), p-a.s. Moreover U(t,x)= 0 and
U(ty)= 0. By proposition 3, we have that (w)=ax(w)+(1-a)y(w)eX(®) p-a.s. By
assumption (B2), #(tw,-) is affine on X(w) p-as. Then it can be written as
u(t,@,z(®))=a(t,w)+b(t,w)z(w), where the functions « and 4 are integrably bounded. Then:
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Ultz) =] u(tox()u(do)
= [ [a(t0)+b(t,0)z(@)u(do)
= [ a(t@)u(do)+ [ b(to)a(w)+(1-a))(o)u(do)

= ajg[a(z,a)) +h(tw )x(@ )] u(dw )+ (1 —a)jg[a(f,w) +h(tw)y( @)l do)

= a Utx) + (1-a)U(ty) 20
Then e/l (2), so I (#)is convex, and also U(%-) is atfine on [ {2).

The continuity of U(z-) on K follows from the bounded integrability assumption [Balder &
Yannelis (1993, prop.4.3 and prop.4.7)]. The function U is finite-valued because of the
bounded integrability.

Now the closedness of /{?) follows trivially from the continuity of U(%-) and from the very
definition of /(7). U

In Balder & Yannelis (1993), the agent faces no a prior: restrictions on the possibility

for misreporting, hence the misspecification correspondence M:T—=P(T) is trivially set as
M(#) = T. The only restrictions come a posteriori from the incentive compatibility conditions
for the principal’s maximization problem. Furthermore, the individual rationality and the
incentive compatibility constraints hold everywhere. In other words, there does not exist a
set of types with probability zero on which the agent is free to not obey the incentive
compatibility nor the individual rationality constraints. Therefore, Balder & Yannelis (1993)
work with menus of feasible contracts.

The principal’s utility random function is given by a I® o ®H -measurable function
v:TxQxT—> I satistying the following assumption:

(B3) (i) VteT, v(t,w,):X(w)—>H is concave and upper semicontinuons on X(®), p-a.s. (i) v is upper
integrably bounded on I with respect to (ITx€23& 2,v&u), where I o is the product-o-field and
v is the product-measure, so that Jy L) (VOU) such that sup{v(t,w,x): x€B}< y(t,®), v&uU-a.s.

Assumption (B3-i) means that the principal may be almost surely risk averse on the
payoffs. Obviously this is in a weak sense, since she can be risk neutral too, should her
utility be linear. Assumption (B3-ii) guarantees that her expected utility over types is finite.

Given a type # and a contract xe S'(X), the expected utility of the principal is the
function [":TxK—»/-00,00) given by:

20



V(tx)= jQ V(t,o,x(®)) 1 do)

Notice that the model begins with utilities that grow up to the utilities as in Balder
(1996) through integration, that is, through taking expectations. This is a common aspect of
many particular cases. They refine the economic environment and through integration this

refinement becomes coarser enough to meet the utilities considered in the general model of
Balder (1996). Next I show that assumption (A4) is satisfied.

PROPOSITION 5: Assume (B3). Then the principal’s utility V' satisfies assumption (A4).

PROOF: Let fel (#)S(IR)NS(IC). By assumption (B3), v is upper integrably upper bounded
on B with respect to (IT'x€23®@2,v&u), so IyeL!(v®U) such that sup{vt,w,x): xeB}<
y(tw), v®u-a.s. Therefore:

Vitfi)=[ vit.o, f(o)u(do) < [ sup{v(t,o,x): x e Bhudo)< [ w(to(do)

Consider {(t)= .[Q y(t,o)u(dw). Since y is jointly-measurable and integrable, it follows

from Fubini’s theorem that:
[ eovian) =] | wtomido)vid) =  w(to)(n@v)(dod) <o

Therefore | V(L f()v(d1) < | &(1)v(dt) <. Hence V s integrably upper bounded on

S(IR)NS(IC) with respect to T. This proves (A4-iii).

Let x,y el {#) and take g(w)=ax(w)+(1-a)y(w), where 0< a<'1. By concavity we have:
Viz)=] v(to,ax(©)+(1-a)y(o)u(do)

> an v(t,o,x(o)u(do)+(1- a)jg v(t,o, y(®)u(do)

= al/(tx)+(1-a)V (1)

So V(1) is concave on [ {2). Since the function v(%®,-):X(w)—>H is upper semicontinuous
on X(w), p-a.s., VteT, we have that 3 Ne p with y(IN) = 0 such that {xeX(®): v(t,0,x)>
v(twx(w))} is (relatively) closed, Vo ef\N. Since (€2 ,1) is atomless, the integral over £2

is equal to the integral over LA\N. Since B is endowed with the weak topology and its
topological dual B* is endowed with the weak-star topology, the pair (B,B*) forms a (Riesz)
dual system, hence the evaluation map defined by the integral is jointly continuous, so [ is

also upper semicontinuous. This proves (A4-ii). The J-measurability of 1/(4f{#)) follows
easily. [J
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Mutatis mutandis, Balder & Yannelis (1993) pose therefore the principal’s problem as:
SUD 1 iy measuratie Ty (/)= V(4 f(0)v(dt)

s.t. Uf0)2UfE)), Vir'eT  (incentive compatibility)
Utf2)=20, vteT (individual rationality)

In other words, in the Balder & Yannelis (1993)’s model, the principal faces the
menu of feasible contracts as her constraint set and hence solves the maximization
problem:

®) sup  Iy(f)

SESm)NSic)

Since all the assumptions of the infinite-dimensional principal-agent model are
satisfied, it follows from the existence theorem that a solution exists, i.e., there exists an
optimal state-contingent contract selection mechanism that solves the principal’s
maximization problem.

4. Mixed contracts with many agents

4.1 Introduction

This section presents the model of mixed contracts in the principal multi-agent model as in
Page (1994). This is a model where the principal has incomplete information about the
types of many agents and where these agents compete for a contract and the principal
selects an agent via a contract auction. In this multi-agent setting, the equilibrium notion is
that of dominant strategy almost surely incentive compatible and almost surely individually
rational mechanism.

Again I state the assumptions of the model and show that they satisfy the
assumptions of the general model as in Balder (1996), so that the solution exists. Actually,
as will be inferred from the model, I show that in Page (1994) the principal solves a quasi-
maximization problem.

Page (1994) assumes that the principal and the agents might be risk averse. As
pointed out in last section, this model also begins with specific economic environment and
grows up to the general model through integration. The risk aversion appears in the first
steps, precisely on the monetary payoffs, but at the end it is shown that the expected utility
over types is linear on the rational contract correspondence. This is because of the very
nature of mixed contracts, that is, because they are probability measures, and of course,
integration is linear on the measures. Then risk aversion (or risk neutrality) here is a
characteristic of the principal and the agents that appears on monetary payoffs and this
aspect disappears after taking expectations.
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He also assumes that the set of (quasi-) feasible contracts is uniformly bounded,
hence whatever the contract awarded by the principal, both the principal and the winning
agent have limited liability. This excludes the possibility of linear contracts, as usual in the
standard literature [Page (1994), p. 25-26]. Due to incomplete information, the principal
faces an adverse selection problem. In Page (1994), her probability beliefs concerning
agents’ type profiles allow for correlation between agents’ types. For each type profile, the
corresponding contract mechanism is a probability measure on the set of agent-contract
pairs. Therefore, as told before, this is a model of mixed contracts.

4.2 The set-up

There is a finite set [={7,...,z} of agents. The set of agents is endowed with the discrete
topology generated by the metric p(;:) = 1, if /= 7', and zero otherwise. Therefore the
Borel-o-field generated by this metrizable topology is the trivial o-field F={I}.
Moreover (I,p) is a compact metric space. The most economic significant feature of the set

of agents is the triviality of the o-field T. It means that no coalition is allowed, unless it is
the whole set of agents, so it captures the idea that agents compete for a contract in the
contract auction. It might be argued that this is not the best model for competition among
agents. For instance, according to the general equilibrium literature, competition is better
modeled by taking an infinite number of agents, namely, a continuum. Then, even tough
the agents in the latter case are allowed to form coalitions, the final outcome of this
possibly cooperative system coincides with the competitive outcome. Nevertheless, should
this be the case for the model presented in this section, there would be no significance at all
in awarding the contract to one winning single agent, since this agent would have measure
zero. So, reallocating the contract to any other single agent would cause no effect to the
final outcome. Therefore, finiteness of the set of agents is required because otherwise this
special principal-multi-agent model would be senseless. I conjecture that the only
possibility to introduce a continuum of agents in the principal multi-agent contract auction
is by redefining the contract auction in such a way that the principal awards the contract to
a winning coalition of positive measure.

The set of types for each agent is a measurable space (7,,3,). The principal faces

the set of type profiles according to the atomless probability space (1,,V), where
T =x,,T, is the set of type profiles, I=®,_, 3, is the product o-field on T, and vis a

iel 7i

probability measure on T representing the principal’s probability beliefs concerning agents’
types. As usual, for the cases where agent 7 and the remaining agents have to be seen

separately, we write ¢t =(1,,t,)=(t,...,t,,1;,t,,,....,t, ) for the types profile, T, =x T,

i+l J

for the type space, and I ,=® ;3 for the o-field of type profiles. This type space

captures the idea of adverse selection faced by the principal in the contract auction.
The set of actions for agent 7 is described by a compact metric space (4,,9;). Let

D, be the Borel-c-field generated by the (metrizable) topology generated by the metric §,
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on the action space. Hence the set of actions can be a continuum, for example a compact
interval. Moral hazard appears since the individual actions affect principal’s utility
somehow.

The utility of agent 7 is a B®D,®3J,-measurable function u, :Rx 4, xT, >R

(where B is the Borel-o-field of the usual topology on R) defined over monetary payoffs,
actions, and types, and satisfying the following assumption:

(C1) (i) Y(a,t,)e A xT, u(-a,t): H>H is a concave and increasing function; (ii)
Vt, €T, u, (-t ): FHxA —->I is continnous.

i’ i

Assumption (C1-i) means that the agent likes money and might be risk averse over
the monetary payoffs. Of course this does not exclude risk neutrality, since her utility is not
necessarily strict concave. The remaining part is a technical assumption. In order to
describe the reservation utility of each agent, Page (1994) introduces a reservation utility

function given by a bounded and I®T-measurable function »IxT—=%. Since [ is endowed
with the discrete topology, the reservation utility function is trivially continuous on L

The principal’s utility function is described by the B-measurable function v:#—>9%
defined over the monetary payoffs and satisfying the following assumption:

(C2) v is concave, increasing, and differentiable.

Again the interpretation of this assumption is straightforward. It means that the
principal likes money and is risk averse. The differentiability assumption is technical.

Let Meas(9, %) be the set of all real-valued B-measurable functions. The set of
feasible contracts is given by a subset @ < Meas(, ) satistying the following assumption:

(C3) (i) T [0,0] CH such that, Vse® and VxeR, s(x)€ [0,0]. (ii) D is weakly-sequentially
compact, i.e, V{s,}c® I {s,}c{s,} and I s€D such that s, (x)—> s(x), . —a.e., where A
is the Lebesgne measure on I1.. (iii) @ is separated on I, i.e., if s,,s, €D are such that s,(x) # s,(x)
Jor some x €M, then A({xeN/ s,(x)#s,(x)})> 0.

Assumption (C3-i) means that the payoffs of all contracts are uniformly bounded,
that is, whatever the contract and whatever the monetary outcome, no one expects payoffs

lower than @or higher than 0. Assumption (C3-iii) means that there does not exist
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redundant contracts. Two contracts are redundant if they yield the same payoffs almost
everywhere.

Consider the following metric on @
d(si,5)=[  [si0x)=s;(x)[Mdx)

Then (®,d) is a compact metric space. In the definition of the metric & above,

Page (1994) considers a probability measure other than the Lebesgue measure A. However,
he assumes that the former measure is equivalent to the latter one, the Lebesgue measure,
in the sense that they are absolutely continuous with respect to each other, so that they
have the same set of null events. Here I considered the metric 4 defined via the Lebesgue
measure, because I think there is no loss of generality in doing that. Indeed, they generate
the same metric 4, hence the same topology. Let t, be the topology generated by the

metric 4, and let [l be the Borel-o-field generated by the topology. Consider Ix@ endowed
with the product-o-field T®[] . Let Prob(Ix®D) be the set of all probability measures on

&, Since I and @ are compact metric spaces, it follows from Tychonoff’s theorem that
Ix® is compact, hence Prob(Ix®) is compact and metrizable for the weak topology
[Parthasarathy (1967)]. Let 11 be the Borel-o-field generated by the weak topology on
Prob(Ix®,).

DEFINITION: A direct anction mechanism is any I®II-measurable function fT—->Prob(Ix®D,).
Let Meas(T,Prob(Ix®)) be the set of all direct auction mechanisms, i.e., the set of all
measurable functions from T to Prob(Ix®).

Then a direct auction mechanism assigns to each type profile a probability
distribution on the contract space for each agent. Under this probability distribution, the
principal allocates the contract to the winning agent. In this sense, the contract is said to be
a mixed contract by the very reason that it is a probability distribution. In the case the
probability distribution is some Dirac measure, that is, concentrated on some singleton
point, it is called a pure contract [Page (1992)]. According to the notation introduced in the
general model, set K= Meas(T,Prob(Ix®)) or, equivalently (up to a measurable
transformation), K= Prob(Ix®)). In the subsection 4.3 below I show that this model is a
particular case of Balder (1996)’s. There are two assumptions left, assumptions (C4) and
(C5), whose statements have been postponed to subsection 4.3. This is because (C4)
concerns specifically to the behavior of the individual density functions on the payoffs and
its role is just to smooth the integration (expectation) procedure necessary to turn utilities
into the framework of Balder (1996)’s model. Assumption (C5) is concerned in turn to
nontrivial solutions.
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4.3 Fitting the model into the infinite dimensional framework

I start this subsection by showing that the contract space given by Page (1994) satisfies the
assumption (Al). Then I do the same for all the remaining assumptions step by step.

PROPOSITION 6: Assume (C3). Then K=Meas(1,Prob(1x®)) satisfies (AT).

PROOF: I will show that K is Komlés-sequentially compact. Let { f, } © M(T,Prob(1x®D))
be a sequence of direct auction mechanisms. Then f,(t) e Prob(Ix®@), Vn, ie., { f,(t)} is a

sequence of probability measures on Ix@. As I already argued, (C3) implies that Prob(Ix®D)
is weakly compact, hence there exists a subsequence { f,,(t)} of { f,(t)} and there exists a

probability measure f{#) such that f,, (1) —>, f(¢), ie, f,(f) converges weakly to f2).
Define the sequence of averaged direct auction mechanisms f*(¢) = %Zi:l f,;(t). Cleatly

f(t) e Prob(Ix®), N k, since Prob(Ix®) is convex. Recall that the space C/Ix@] of all real-

valued continuous functions on Ix@ is the topological dual of Prob(Ix®). Then by the very
definition of weak convergence, we have that V/eC/Ix®):

lim,s., jmp h(ivs)f,.(t)(d(i,s)) = L@ h(i,s)f(t)(d(i,s)), v—as.

Then V&> 0,3 N > 0 such that V = N:

Then for the sequence of averaged direct auction mechanisms we have that for £ large
enough:

<g

[ Jhis)fy(edis)=[  h(is)f(t)(d(is)

LY M)t (s ) = ], b)) =

EE L], WS (00 ) = [, his)f (edcis) ]|

1
<%

LB OACs)=[ is)f i)
k
SO
=g
Since € > 0 is arbitrary, we have that:

lim,s, qu> h(i,s)fce)(d(is)) = Lx@ h(i,s)f(t)(d(i,s)), v—a.s.
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In other words, the sequence of averaged subsequence of direct auction mechanisms
converges weakly to f#), hence the sequence of direct auction mechanisms Komlos-

converges to f{?), v-a.s. This proves that Prob(Ix®) is Komlés-sequentially weakly compact.

Now define the map A TxIx®@—>[0,00] by h(tis) = 1. Then / is cleatly IQF®[ -
measurable. Moreover, V€T and Vye, the set K ={(i5)eIxD/ h(tis)< y} is weakly
compact. Indeed, since 4 is constant, it is continuous, hence K is weakly closed. Since Ix®

1s weakly compact, it follows that K is itself weakly compact. This then means that / is inf-

compact. Finally:
spl [ [ h(tis)E(d(iss)/t)v(dt) : §eMeas(T,Prob(Ix®)} = 1 < o0

Therefore, K =M(T,Prob(Ix®)) is v-tight. Then by the generalized Prohorov’s theorem
[Balder (1990), theorem 5.1, or Balder (1991), theorem A.5], it follows that

Meas(T,Prob(Ix®)) is Komloés weakly compact. In this case, the Hausdorff locally convex
topological vector space E the set K belongs to is K itself, so K is trivially compact and
metrizable for the relative topology inherited from E.

Finally, let f,geK and take 0< a<'1. Then the map A(?) = of(t)+(1-a)g(?) is well defined, since

Prob(Ix®) is convex. It is obviously measurable, so K is convex. []

Each agent 7 has a probability density function describing the random nature of the
monetary outcome. This belief is assumed to be private in the sense that it depends on her
individual action space and her individual type set only. Specifically, for each
(a;.t;) e A; x T, agent 7 computes her expected utility according to a probability measure

€, with Radon-Nikodym derivative given by the density function (" | a;,t;) defined on R

and satisfying, V7 = 1,...,m, the following assumption:

(C4) (i) 3 x* > -00 such f/ﬂazz‘mppm(-|al.,tl-)c[x*,oo)) V(a.t.)e 4 xT,. (i) V(a.t.)e 4 xT,,
d-R—>RHel?(C; ), (i) V(xt;)eIxT, n(x
ni('|ai:') is BRI , -measurable on Hx T,.

1) @5 continnous on A, and Va; € 4,

Assumption (C4-i) means that the supports of the density functions are uniformly
bounded from below by some value x* Despite it excludes, e.g., the case where the beliefs
of the agents with respect to the monetary payoffs are normally distributed, it is not so
restrictive at all, because it is reasonable to assume that no monetary can be infinitely

negative. Assumption (C4-ii) means that the identity function on ¥ has finite mean and
variance under the measure n;,(- | a;,t;). Assumption (C4-iii) is technical.
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Page (1994) interprets the density function m;( -|ai,ti ) as a random production

technology available to agent 7, given that the agent 7 1s type ¢, and takes action a; .

Suppose that the principal implements a contract se@ to the agent 7 If agent 7 is
type t; € T, and takes the action aq; € 4;, then her expected utility under the contract s is

1

given by:

Ei”i(5| a;,t;) :J'(_w’oo)ui(S(x))ai’ti)Qi(dx) = I u;(s(x),a;,t;)n;(x |ai’ti)}\’(dx)

[x*>)
where E;=E, denotes the expectation taken with respect to the probability measure ;.
If such an agent wins the auction and is awarded contract se @, then the agent chooses an
optimal action a; *(s,t,) € argsupaieAiE,-ui(s| a;,t;). Let u, *(s,t,) = ui(s|ai *(s,t;),t;) be
the type ¢, agent 7s optimal expected utility under contract se®. The best response
correspondence B; : ® xT, — P (4;) of agent 7 to a contract se @, given her type, is defined by:

Bi(s,t;)={a, eAi/Eiui(S|ai,ti)2 u *(s,t;) }

Let u*(i,s,t;) = sup{E u;(s|a;.1;):a; € 4} be the optimal expected utility of agent
2. Then the collection of agents’ optimal expected utilities can be viewed as a functional
w*IxDxT, —/[-c0,00].

Under the assumptions stated in the model, we conclude that the best response
correspondence of the winning agent is well behaved, that is, it is nonempty, compact-
valued, and upper semicontinuous. This is proved in proposition 7 below.

PROPOSITION 7: Assume that (C1) and (C4) hold. Then the winning agent i’s best response
correspondence B; : ® xT, — P(A;) is (O ®T ;D )-measurable and is nonempty and compact-valued.

Moreover, N't; € T,, B(-,t;) is upper semicontinnons on @.

PROOF: By assumption (Cl), V¢, €T, u,(-st;): Ix A, =>9 is continuous. In particular,
Va;, € 4, u,(-a;,t;): H—>H is continuous. By assumption (C4), V(a, t;)e 4 xT,,
u,(-a;,t;)€l?>(C;), then in particular, w;(-a;t;) is integrable, so the function
a; = Eiui(s| a;,t;) is well defined and is continuous on 4;, V¢, € T;. Since 4; is compact,
it follows from Weierstrass theorem that argsup, ., E u;( s| a;t;)#D. 'Then
Bi(s,t;)#D,V(s,t;)e DxT,.

By assumption (C4), Va; €4, nl.(-|al.,-) is P®J,-measurable on RxT,. Since

u, Rx 4, xT, >R is a P®D,®T,-measurable function, it follows that, Va, € 4,,
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El-ul-(s| a;,t;) is (F®J,,D,)-measurable. It is also integrable, since V(a,,t;)e 4 xT;,
u;(-a;,t )el?(C,;). Furthermore, V(s,t,) e D xT,, Eiui(s| a;,t;) is continuous. Since 4,
is a compact metric space, it follows that 4; is complete and totally bounded [Aliprantis &

Border (1994), theorem 3.20]. Then we can find a countable collection of finite subsets A
of 4; such that 4, =0U__ . B (x), where B,(x) denotes the open ball around x with

radius 7/7. Now notice that F =uU, 4] is countable (since it is the countable union of
countable sets) and is dense in 4;. Hence 4; is separable. Therefore, given that 4, is
separable, it follows that B, :®xT, > P(4,) is (O ®3,,D,)-measurable [Castaing &
Valadier (1977), lemma I11-14].

Given that g |—>Eiui(s|ai,ti) 1s continuous, B,(s,t;)={a; € 4 /Eiui(s| a;t; )2
u, *(s,t;) } is closed. Since 4; is compact, we have that B;('s,t;, ) C 4, is compact.

It remains to show that, V¢, € T, B;(-,¢;) is upper semicontinuous on @. But this follows

immediately from Berge’s maximum theorem [Aliprantis & Border (1994), theorem 14.30].
This finishes the proof. []

Suppose that agent 7/ wins the auction and the contract s is awarded. Then the
monetary outcome will be generated by the random production technology n;,( -|ai,ti ) if

the agent 71s type ¢, and take the action a;. Thus the principal’s expected payoff functional
Ev(y): ®x A4, xT, > [—o,0] is given by:

Epv(id =s,a,t,)= [ v(x=s(x))(dx]a1;)

= e V(8= SOOI (¥ a1 )A )

where id — s is the function given by (id-s)(x) = x — 5(x). Therefore, once the agent 7 wins the
auction, and given that the contract rule is s, the principal observes the output x generated

by agent /s random production functionn; (- |ai,ti ), pays s(x) to the agent, and finally gets
the profit x — s(x) that gives the principal the expected utility defined above.

The importance of following proposition is that it is the first step to prove later on
that the principal’s utility behaves like the utility of the general model of Balder (1996).

PROPOSITION 8 (Page, 1994): Assume that (C2)-(C4) hold. Then the principal’s expected utility

Sunctional E,;v(-;): ®x A, xT, > [—o0,0] s bounded on © x A, xT;, continuons on ®xA4;,
Vi, €T, and A ®D R ; -measurable.
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PROOF: Given (C2), we have that, V(s,a;,t;,) e ®x 4, xT, and V E€f}:

1

[ v(x*=Hm(a, i ndx) < [ v(x*=H (¥ a6 )M(dx)

<[ [9(0)+v'(0)(x=s(x)m,(x|a,.t, )A(dx)

Indeed, the first inequality holds because v is increasing; the second inequality holds
because v is differentiable and concave. By assumption (C4), the (absolute) means of the

density m;( x| a;,t;) are uniformly bounded. This implies that if we take any
sz[* )|x|n,.(x|a,.,t,.)x(dx), then we get IE|x|ni(x|ai,ti)7»(dx)SL, VE€f By

assumption (C3), the set @ of contract payoffs is uniformly bounded. It means that 7 Q >
0 such that ” x-5() ” < O, VE€ep. Indeed, by assumption (C3-i), we can take any
O > max{inf E,supE }+2(0-0). Then we have that Ev(y): ©@x A xT, > [-0,0] is
bounded on @ x 4; x T;. Indeed:

|©@v(is.a.t)| < jE [v(x*—H )n; (x| a1, )h(dx)
<| (00 +v () x = stx )2 a1, n(dx)

<lel+lrol arg< e
This proves that E,v(+) : ® x 4, xT; - [—0,0] is bounded on ® x 4, x T;.

Now fix ¢, € T; and take a sequence {(s",a;' )} € ® x 4; converging to (5, a; ) in the product
metric d x 9, . It follows from (C2), (C3), and (C4) (using the same argument as above) that
Ve > 0and Vi

VR =H)[ (s

al .t )\(dx) < L\xw

v(x*=s"(x)n,(x|a; ,t; )A(dx)

<J o (O Y (0)(x=5" (x)mi(x]af 1 )1 )

<(v(0)=v'(0)0)] al 1, )h(dx)

al',t, )M(dx ) +v'(0)|

[MM]TL'(X [‘x‘>0]|X|n,~(x

<(v(0)=v'(0)0)]  m(x a1, ))(dx)

af,t,-)K(dx)+v'(0)cl2j'[‘x‘>cj‘ x* I (x

[‘x‘>c]
The second inequality comes from differentiability and from concavity of v. The last
inequality comes from the Tchebyshev inequality applied to the second integral. By

assumption (C4-ii), the variances according to the measures C;(-|a;,t;) are uniformly

bounded, hence 3 >0 such that:

2
j[x*,oo)‘ * ‘ni(x

a’,t;)Mdx)<o, Ve>0and Vi
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Then:

VA =H)[ i

a;,t; )M(dx)

<(v(0)=v'(0)8)[

[‘x‘>c]

al',t; Mdx) +v' (0) % |

ni(x | X i@l dx)

<(v(0)=v'(0)0)[  mi(x|aj'.t; A(dx)+V'(0)a

[‘x‘>c]

In the proof of proposition 0, it was shown that K is v-tight, so that Ve > 0, 7 ¢(¢) > 0 such
that, Vi

v(x=s"(x)fni(x

"tMdx) <
L\x\xw al t; )\(dx)<e

Therefore [Page (1987), proposition 3.1] E,v(s",a;,t;) = E;v(s,a;t;). Since @ is
metrizable for the weak convergence, it follows that E,;v(-¢;) is continuous on ® x 4,,
Vit eT;.

Finally, assumption (C4-iii) and the measurability of v imply that E;v(s,q;) is ;-

measurable, Va; € 4;. Then [1 ®D,®3J,-measurability follows immediately [Castaing &
Valadier (1977), lemma I11.14]. [J

The principal wants to implement a contract that makes the winning agent choose
an action that maximizes the principal’s expected utility functional, that is, the principal
requests from the winning agent an optimal action that solves:

sup{E v(id —s,a,,t;): a; € B,(s,t;) }

Let v*(is,t;) = sup{E;v(id —s,a;,t;): a; € B,(s,t;) } be the principal’s optimal
expected utility if the agent 7 of type ¢, wins the auction and is awarded contract s, provided

the agent takes the action a; € B;('s,t; ) suggested by the principal.

Given a type profile #€T and a contract se @, the vector of agents’ optimal expected
utilities is (u*(1,s,t,),...,u*(m,s,t,,)) € A" and the principal’s vector of optimal expected

utilities is (v*(L s, ),...,v*(m,s,t, ) € H".

The possibility of no contracting is modeled by introducing a fictitious agent,
labeled 7 = 0, such that #*(0,5,2)=ry(t), V (5¢)eDXT, where ry(t) is the fictitious agent’s
reservation utility given the type profile. The fictitious agent does not report any type, but if
based on the type profile of the actual agents she wins the auction, then she receives her
reservation utility. The principal is also supposed to have a reservation payoff @,(t),
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V(5,2) e @xT, from no contracting in such a way that »*0,52)= ¢,(t). Now define the
agents’ utility profile and the principal’s utility profile, respectively by:

(u*(0,5,t)u*(1,s,t,),....u*(ms,t, ) eV

(v¥(0,5,0),v¥(Ls,t, ),....v¥(m,s,t, ) e V"

With some abuse of notation, but without any loss of meaning, consider the
extended set of agents as [={0,7,...,m}, and assume that all the functions depending on
are naturally extended to this extended set of agents. The vectors of utilities profiles above

can be described, respectively, by the images of the maps #*Ix@xT—%"" and
vEIXOXT—I9"

The following proposition establishes some properties the utilities must satisfy in
order to prove that this model fits the general model of Balder (1996).

PROPOSITION 9: Assume (C1)-(C4). The agents’ utilities profile satisfies the following properties:
V(5,2) e OXT, u*(s,2) is continnous on 1; VteT, u*(~-1) is upper semicontinuons on IxD; and u* is

TN QT -measurable. The principal’s utility profiles satisfies the following properties: VteT, v*(~ 1) is

continnons on 1xD; and v* is TR QT -measurable.

PROOF: Consider the agents’ utilities profile map #*:Ix@xT—%#"*" and the image of
some point in the domain as given by:

(u*(0,5,t)u*(1,s5,t),....u*(ms,t,)) eR"".

I will show that each component is continuous on I, V{(52)e®@xT. Actually, this is trivial
because [ is endowed with the discrete topology (as generated by the discrete metric), and
the discrete topology has the property that every function defined on the undetlying space I

is continuous. Then each component #*(+s,2) is continuous on I, so is the map #* of utilities
profiles.

Now fix 7eT. Then each ¢ €T; is fixed. I will prove that each component is upper

semicontinuous on Ix@. By assumption (Cl-ii), the agent 7’s utility function is such that,
Vi, €T, u,(-st,): HxA I is continuons. By the assumptions (C1) and (C4), we have that

the conditions for proposition 7 are fulfilled. Then, by proposition 7, the agent 7’s best
response correspondence B; :®xT, - &(4;) is nonempty compact valued and

@ ®3,,D, )measurable, and, V¢, €T, B;(-t;) is upper semicontinuous on @. Then its

graph is measurable, closed, and is contained in a compact set, hence it is compact.
Therefore, by the Berge’s maximum theorem [Aliprantis & Border (1994), theorem 14.30],

the value function u*(i,s,t;) = sup{E u;(s|a; t;):a; € 4} is upper semicontinuous on @.
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This shows that each component is upper semicontinuous on @. Since we already know
that it is continuous on I, it follows that it is upper semicontinuous on Ix@. Then V¢eT,
u*(++2) is upper semicontinuous on [x@.

Since #*(-,+#) is upper semicontinuous on Ix@, and J-measurable on T, it follows from that

w*is T ®I-measurable [Castaing & Valadier (1977), lemma I11.14].

Now consider the principal’s utility profile. By proposition 8, each component is

continuous on ®x 4,, V¢, €T, and [ ®D,®T;-measurable. Then »*(,+2#) is continuous

on Ix@, and v*is T®[] ®3I-measurable. [J

Now we are able to describe the role of individual rationality in Page (1994)’s
model.

For each truthfully reported type profile #€7T, consider the set [1(#)={(i;s) el xD:
u*(,5,2)> r(i,¢)}. Recall that K =Meas(T,Prob(Ix®)). The rational contract correspondence
I''T>P(K) is given by I(t) = {EeK: supp&(t)c 11[t), v-as.}, that is, the rational contract
correspondence consists of all probability measures (or mixed contracts) with support
contained in [/(#?). Page (1994) calls it ex post individual rationality. According to our
taxonomy, this corresponds to the almost sure individual rationality introduced in the
general model. Then according to the taxonomy of the general model, Page (1994) works
with almost surely individually rational mechanisms, that is, with the set S(asIR).
Furthermore, in order to avoid the willingness to not participate in the auction, Page (1994)
assumes that some actual agent satisfies individual rationality. This is because the fictitious
agent trivially does, but Page (1994) is of course interested in the nontrivial case. This is
described by the assumption below:

(C5) T (i*5%) €(I\{0})x@ such that (i*s%) ellt), VieT.

In the next result I prove that assumption (A2) is satisfied, that is, that the rational
contract correspondence behaves like in the general model of Balder (1996).

PROPOSITION 10: Assume that (C1)-(C5) hold. Then the rational correspondence I:T—>P(K)
satisfies (A2).

PROOF: Convexity will be shown first. Let &yel(?) and 05 a< 1. Then AN’eJ with
V(N)=0 such that supp&(t)c 11(1), VieT\N', and AN?e T with V(IN?)=0 such that suppy(t)c
1), VieT\N? Let N*=N'CUNZ Then it follows that N’eJ, V(IN°)=0, and, V*eT\N’,
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supp&(t)c 1(t) and suppy(t)c 11(1). Define the measure S(2)=ad(t)+(1-a)y(#). By proposition
0, K satisfies (A1), hence it is convex. Then the probability d(2) is well defined. Moreover,
VieT\N"

supp (1) =suppr (1) +(1-0)y(2) ; & o suppsi(s)+(1-0) suppy(t) < 1(2).
Then suppd(t)c 1), VteT\N’, ie., v-a.s. Then 0l (1), so I{?)is convex.

Now I will show that //?) is closed. Since we assume (C1)-(C4), we can apply proposition

9. Then, by proposition 9, #*(+-#) is upper semicontinuous on Ix@, VteT. Since the
topology on I is discrete, the reservation utility function is trivially continuous on I. Then

the set [/(#)c Ix® is closed in the relative topology inherited from Ix@. By assumption
(C5), it is nonempty. Since Ix@ is compact, the result follows [Aliprantis & Border (1994),
theorem 12.17]. [

Page (1994) assumes that the principal faces the set of all agents, including the
fictitious one, as a whole. Specifically, the principal does not think of each agent separately.
She offers a contract to the set of agents as a whole, allows them to participate in the
auction, and finally awards the contract to the winning agent. It allows Page (1994) to
generalize the model to the multi-agent framework. It is done by redefining the set over
which the principal calculates expected utilities, and by assuming that each agent calculates
expected utilities over the set of the remaining agents (this is the nature of ex post
individual rationality) and the set of contract payoffs. To see this, consider a direct auction

mechanism feK. Then the utility of agent 7z given the others report truthfully, is the
functional U, : T, xK—>% defined by:

Uit f)=[, u*(bs.(t,t)) f(d(=is) (11.,))

Now I can show that assumption (A3) is satisfied for each individual agent.

PROPOSITION 11: Each U, : T, xK— 9 satisfies (A3).

PROOF: Fix #€7T, so each ¢, €T, is fixed. Consider fe/{?). Then in particular f{?) is a
probability measure on Ix@. The functional U,(t,,):I {t)—>% defined by:

Uit )=, u* (s (i) f(d(=is) (1.1,))

is clearly a linear functional on a subset of the space of probability measures on compacta.
Hence in particular it is affine and continuous on [{#) in the weak topology. Then
assumption (A3) is immediately satisfied. 0
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In Page (1994), each agent has an individual misspecification correspondence
M ,;:T—>P(T;), which is given by M,(t)={(t;,t_;):t, €T, }. Notice that M,(t) is just the
projection of T onto its /~th component. The interpretation of this is that, given the type
profile # agent 7 is allowed to misreport only her own type. Finally, set the misspecification

correspondence M:T—P(T)as M(t)=x",M(t).

A mechanism fis said to be dominant strategy almost surely incentive compatible
for agent 7 (i-asIC) if U,(t;,s)>U,(t,',s), Vt,"e M;(t), v-a.s. The mechanism fis dominant

Strategy almost surely incentive compatible if it is (1-aslC) Viel. Let S(-asIC) be the set of all
dominant strategy almost surely incentive compatible mechanisms for an agent .

In Page (1994), the kind of incentive compatibility he works with is the almost sure
incentive compatibility. In other words, the set of almost surely incentive compatible

mechanisms is given by S(@sIC) = N}, S(G-asIC). The set of contracts is then given by the
menu of quasi-feasible contracts S (@sIR)NS (asIC).

The principal’s utility under the mixed contract f{#) is then the functional 1"-TxK—»/-
c0,00) given by:

Vif)=[ [ v*(is)f(e)(d(is))

The last assumption to be satisfied is (A4). In what follows I show it.

PROPOSITION 12: The principal’s utility 1:TxK—>[-00,00) satisfies (A4).

PROOF: By proposition 9, v*(+#) is continuous on Ix@, VreT, and v* is T &3J-
measurable. Then ¥(#)=1"(%/{?) is cleatly J-measurable. Fix #€7T. Since f{?) is a probability

measure, Vel (?), then clearly 17(%) is linear on [ (#). In particular it is (weakly) concave.
Since it is linear, it follows that it is continuous. In particular, it is upper semicontinuous.

Let feS(asIR)NS (asIC). Since Ix@ is compact and v*(++2) is continuous, VzeT, it follows
that »*(-#) is uniformly continuous and uniformly bounded by a constant, say H. Then:

Vifo)=] [ v¥(iso)f(d(is) <[ [ Hf()cd(is)=H <o

Then 17 is integrably bounded on feS(asIR)NS (asIC) with respect to T. [

Then the objective function of the principal is finally:
I(f)=] V(i f()v(dr)

Hence in Page (1994)’s model, the principal solves the quasi-maximization problem:
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(asP) sup Iy (f)

fES( asIR )ﬁS( aslC)

Since all the entities involved in the model satisfy the assumptions of the general
model of Balder (1996), it follows from the quasi-existence theorem that a solution exists.

5. Mixed contracts with one agent

In this section, I present the model of Page (1991). This is exactly like the model of optimal
contracts in the principal-multi-agent setting presented in the previous section. The only
fundamental difference is the fact that now there is only one agent, so that the set of agents
is a singleton [={/*}. Then it is not necessaty to repeat the set-up neither the propositions
that show how the model fits the general model of Balder (1996).

In this case the menu of contracts is given by K = Meas(1,Prob(®)), i.e., a contract
mechanism f'is in the menu of (mixed) contracts if it assigns to each type # a probability

measure f{#) on the set of contract payoffs, so that the contract is selected from @

according to the probability measure f{#) ot, in a more understandable notation, /| #), which
means a probability measure that, conditional on the revealed type, describes the
distribution of payoffs from the agent’s action.

It is important to understand what the set @ is in Page (1991)’s model. Given a
probability space (€2 ,11) that describe the uncertainty about the states of the world,
where (2is a separable metric space, Page (1991) considers the set Meas(€2 ) of all Borel-
measurable real-valued functions on the probability space. Then @ is the set of all non-

redundant contracts in Meas(€2 J7). Recall that two contracts are redundant whenever they
pay off equally almost everywhere [see assumption (C3) and in section 3]. In addition, Page

(1991) considers a Borel-measurable function m(2—>% that describes the monetary
outcome in each state of nature. So his model is also a model of state-contingent contracts.

For the sake of completeness, notice that since the agent does not randomize
among other players’ types, her utility is simply:

Ultfi)=] u*(s.0)f(ds|1).
Similarly for the principal:

Vinfm)= [ v*(s.0)f(ds|t).
Here the integrands are given by:

w*(s,t)= [ u(s(w),t)f(ds|t) u(dw)
vE(s,t)=[ v(n(w)=s()t)f(ds|t) u(do)
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where s(w) is the agent’s contract payoff (her wage) and 7(@)-s(w) is the principal’s profit.

Another point is that in Page (1991), the incentive compatibility and the individual
rationality must hold everywhere, hence Page (1991) works with a menu of feasible
contracts as given by S(IR)NS(IC). Moreover, the nonemptyness of the set S(IR) is
introduced as an assumption. However, as Balder (1996) shows, this assumption holds
whenever the reservation utility function is assumed to be measurable and the rational
contract correspondence is assumed to be defined via such a reservation utility function
(see proposition 1). This is exactly the case in Page (1991).

Moreover, the misspecification correspondence is trivial, i.e., M(#) = T, so that there
is no exogenous a priori restriction on the agent’s right to misreport. As before, the only
restrictions come « posterior: from the incentive compatibility conditions, and this is internal
to the principal-agent model.

Therefore, in Page (1991) the principal faces a menu of feasible contracts as her
constraint set and finally solves a maximization problem:

®) sup  1y(f)

S€Sem)NSiic)

Since the model in Page (1991) is just a particular case of Page (1994) with one
agent and since all the assumptions are the same, it follows that a solution exists by the
existence theorem.

6. Generating menus of contracts

6.1. Introduction

In this section I show some contract sets (precisely, sets of payoff functions of underlying
contracts) that might generate menus of contracts that satisfy assumption (Al). Essentially,
it is required that these sets satisfy some kind of compactness. The first example is the
equicontinuous contract set. The second example is the set of composition contracts. The
third one is the set of nondecreasing payoff functions. The fourth one is the set of tight
contracts. The fifth one is the set of indexed contracts. The last example is the set of
integrably bounded contracts.

6.2 Equicontinnons contract sets

Let (/0,1],B,4) be a probability space, where A4 is the Lebesgue measutre on the Borel-o-field
B. This space is assumed to describe the uncertainty about the events of the world. So
(/0,1],B,A) is the space (€2 2,u) of preceding sections. A contract payoff function is any
Borel-measurable function :/0,7/>%, so the undetlying space of contracts is
E=Meas(0,1],%). Let @ c E be a nonempty family of contract payoff functions. The set @
is eguicontinnous if, Y w€/0,1] and Ve > 0, 3 8 > 0 such that, if ®’€/0,7] is such that | -
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@’| < 8, then ls(w)-s(@’)| < €, Vse®. It follows from the Arzela-Ascoli theorem [Bruckner,
Bruckner & Thomson (1997), theorem 9.62] that if @ is equicontinuous and uniformly
bounded, then @is relatively compact. A simple example of equicontinuous set is the set of
all functions seE such that, for some constants ¥ > 0 and 0<a<7, seE satisfies the
inequality |s(@)-s(@)|< v |w-@|*. Call this set @ =Hoilder,, (/0,7],9). In the case a=1,
Hlder., , (/0,1], ]9, 0])= Lap., (/0,7],[6, 07 ) is the set of Lipschitz-functions. The set @ then
characterizes the exogenous kind of payoff functions (or compensation functions) the
principal is constrained to. Suppose that the principal is uncertain about the true type (out

of a continuum) of the agent, that is, the principal faces an adverse selection problem.
Moreover, assume the principal offers a type-contingent mixed contract, that is, for each

revealed type, the principal chooses a contract from @ according to a probability measure
conditional on the revealed type. Then the menu of contracts is given by

K=Meas(T,Prob(®)), which satisfies (A1).

6.3 Composition contract sets

Fix a Borel-measurable function K:#—>9 that assigns to each outcome a score. Call 2K
the scoring function. Suppose that each contract se@ can be decomposed into s = ho K,
where h:%—[0,0] is a Borel-measurable bounded payoff function that assigns to each
score a monetary payoff. Assume that /€N, where N E. If N'is sequentially compact and
uniformly bounded, then @ is sequentially compact. For example, suppose that the scoring
function is given by X((x):z:/:lﬁ W fn-tn)(X)+ A v m)(X), Where y is the characteristic
function and N > 0 is some arbitrary positive integer. The interpretation of this scoring
function is very simple. If the agent produces a nonpositive outcome, then the score of her
production is s(x) = 0. If she produces x€/0,7), then the score of her production is s(x) =
1/2. If she produces an outcome x€/7,2), then her score is s(x) = 2/3. If she produces an
outcome x€/2,3), then the score of her production is s(x) = 3/4, etc. In general, if she
produces an outcome x&/nn+1), for n < N-1, then the score of her production is s(x) =
n/ (n+1). If she produces any outcome x> N, then the score of her production is s(x) = 7.
The greater her production, the greater her score. Now assume that &' is the set
Hilder,, , (10,1],[ 0,07 ). Then N'is equicontinuous (see example 6.2). Therefore @ ={se

M(J0,1,) / s = hoK, VheN} is equicontinuous and uniformly bounded, hence it is
sequentially compact. This set of compensation functions is the set of example 6.2 filtrated
by the scoring function. Again, in the case of mixed contracts with adverse selection, the

menu of contracts is K=Meas(T,Prob(D)).

6.4 Nondecreasing payoff functions
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Suppose the principal is constrained to offer a compensation scheme that is bounded and
nondecreasing. That is, after observing the outcome level produced by the agent, the
principal has to pay a compensation that satisfies the following property: the greater the
production level, the greater the compensation scheme, and in addition, whatever the

production level, the compensation scheme is bounded by some interval /0,07 . In this

case, the set of payoff functions can be described by @ =Meas" (9,760,607 ), i.e., the set of

all measurable nondecreasing functions with values on /6, 0]/. Suppose the principal faces

an adverse selection problem, but the contracts are not mixed, that is, the principal offers a
pure contract that is a type-dependent compensation scheme. In other words, after
observing the revealed type, the principal offers the optimal compensation scheme to the

agent that is nondecreasing on the agent’s output. In this case, K =Meas(I, D). 1f the
contracts are mixed, then K=M(T,Prob(®)).

6.5 Tight contracts

Let @ be a separable metric space and let A be a family of finite (Borel) measures on @.
The family A is #ght if for each 0 < & < 7 there exists a compact set @@ such that
E(O)25(D)-¢, VEeA. Every tight family of measures is relatively compact. This set of

contracts appears in Page (1989, 1992 and 1994) and Balder (1995). Elements of @ =
Prob(X) are said mixed contracts, in the sense that they are probability measures on the
space of payoff functions, and that the principal chooses a contract selection mechanism

according to these probability measures. A pure contract is an element xeX. Obviously a
pure contract x can be identified with measures concentrated on the point x (i.e., Dirac
measures §, on x). This is because X can be embedded in Prob(X) via x — &, . Moreover, it

can be shown that every mixed contract can be arbitrarily approximated by convex
combinations of pure contracts. This is because of the density theorem [Aliprantis &
Border (1994), theorem 12.9], the set of probabilities with finite support (pure contracts) is
dense in Prob(X).

6.6 Indexed contract sets

Let (4,0) be a compact metric space with metric 6. The set Y is the index set. Let
(€2 2,4t) be a probability space of the events of the world. Suppose that the principal is

constrained to offer compensation schemes of the form Qx4 —[6, 0/, where, Ve,
s(®,-) is (sequentially) continuous on Y, and, Vy €Y, s(y) is ¢-measurable. Such a

compensation scheme is called an indexed contract. Let @ = {fy )/y €4} be the

collection of all such indexed contracts. Then @ is sequentially compact. Therefore,

thinking again about mixed contracts with adverse selection, the set K=Meas(IT,Prob(®))
satisfies (Al). As Page (1987) points out, many sets of contracts consisting of piecewise
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linear contracts can be reformulated as indexed contract sets with compact index sets. The
sets consisting of combinations of finitely many contracts can be also viewed as indexed
contract sets with compact index sets.

6.7 Integrably bounded contracts

In section 3 the set of contracts was modeled as the set S'(X) of integrable selection from

the correspondence X:(2—>B [Balder & Yannelis (1993)]. Under suitable conditions on the
correspondence X, the set S'(X) is relatively weakly compact. The fundamental condition is
that X be integrably bounded [Yannelis (1991), theorem 3.1, and Diestel & Uhl (1977),
theorem II1.2.15, p. 76]. This is exactly the statement of condition (B1) of section 3 on
state contingent contracts. This condition mimics the so-called Dunford theorem! [Diestel
& Uhl (1977), theorem II1.2.15, p. 76] Therefore, whenever the set of contracts is described
as the set of integrable selections from a suitable correspondence satisfying these
conditions, then K = §'(X) satisfies (Al).

7. The model machine

The above examples suggest that we can find an algorithm to construct menus of contracts
that fit the infinite-dimensional approach. Let us call this algorithm the wodel machine:

STEP 1: (a) Choose a collection @ of compensation schemes (payoff functions) that is
relatively compact (a sufficient condition for that is: @ is equicontinuous and uniformly
bounded); or: (b) choose a correspondence X:(2—>B that satisties the conditions of
Dunford theorem [Yannelis (1991), theorem 3.1, or Diestel & Uhl (1977), theorem I11.2.15,
p. 706].

STEP 2: If you chose (a) in step 1 and want to work with mixed contracts under adverse
selection, then use K=Meas(T,Prob(®)); if you chose (a) in step 1 and want to work with

pure contracts under adverse selection, then use K=Meas(1, @). If you chose (b) in step 1
and want to work with contingent contracts, then use K = S§'(X).

STEP 3: Choose the kind of menu of contracts you want: (c) quasi-feasible or (d) feasible.
In either case, a contract selection mechanism is a function fI—>K.

STEP 4: Make sure the utilities of the principal and of the agent satisfy assumptions (A3)
and (A4).

STEP 5: If you chose (c) in step 3, then you can use the quasi-existence theorem; if you
chose (d) in step (3), then you can use the existence theorem.

1 As pointed out by Yannelis (1991, p. 7), this condition is known in the literature of economic theory as
Diestel’s theorem on weak compactness in the space of Bochner-integrable functions. However, as pointed
out by Diestel & Uhl (1977, p. 101), the origin of this kind of result, though less general, is due to Dunford.
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For each model we have in mind, we have to consider the adequate set @ or
correspondence X, provided they have not been used before in the infinite-dimensional
approach to the principal-agent model. It can be easily verified that the infinite-dimensional
approach as summarized in the model machine has been used in many economic problems
other than the principal-agent problem. For instance, the infinite-dimensional approach has
been also used in Stackelberg games with incomplete information [Page (1989)],
Stackelberg games with many followers [Page (1992b)], market games with differential
information [Page (1992c)], screening problems with moral hazard [Page (1992a)], existence
of optimal auctions [Page (1998)], etc.

So if we think of some specific economic problem, we just have to figure out which

kind of set @ or correspondence X describes better the payoff functions. Then a model
can be made if we just follow the model machine.

8. Conclusion

Balder (1996) provided a general model to describe the current results about existence of
optimal contracts with moral hazard and adverse selection under continuum of constraints.
His approach has been named the infinite dimensional approach in this survey and
presented in sections 1 and 2. Though intuitively obvious that his paper is more general
than the other papers summarized here, as far as I am concerned no survey exists about the
infinite dimensional approach applied exclusively to the principal-agent problems.
Therefore this survey seems to be a first effort into this direction, though it is obviously
not complete.

In general a survey is chronosynoptical in the sense that it presents the results about
some topic in a chronological way. This survey however is a little bit different. I have
preferred to present the general model first and afterwards to show how the remaining
models fit into the general one. This method provides an overview as any other method,
but it has the advantage of clarifying the exact differences between particular models by
taking the general model as a primitive.

The model machine in section 7 is a useful method to construct principal-agent
models within the infinite dimensional approach. It shows clearly that the starting point of
all the models is a compact set of functions @ or an integrably bounded, convex-compact-
valued correspondence X. Section 6 provides some examples of such spaces that generate
menus of contracts satisfying assumption (A1) of the general model. Either author chooses
the desired kind of feasibility: almost everywhere or everywhere. Then all of them follow
the procedures described in the model machine. So any one can do the same, provided the

starting point (@ or X) describes a specific economic situation not modeled before.

In order to illustrate the results consider the following example:
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EXAMPLE: Suppose that a contract is such that it pays off a stream of wages to an
infinitely lived agent. The contract decision is made once and there is no renegotiation.

Then @ =/,
Assume that it is Riesz-paired with its norm-dual ¢_". Suppose the payoffs are nonnegative

the space of norm-bounded sequences, is the set of potential payoffs.

each period and are order bounded from above by some stream o=(a,,a,,...) of payoffs

such that /lim =0. The sequence of payoffs can be interpreted as the sequence of

n—»0 a}’l
present values corresponding to each period. Then the condition above reflects myopic
preferences over future monetary payoffs. The payoffs are then constrained to the order

interval @ = [0,a/. The order interval is weakly compact. In fact it is norm-compact. The
agent has type space T=/0,7/, where the type is interpreted as the agent’s discount factor.

Her utility U:TxK—/0,00] is defined by:

Use) =) "8,

Suppose that the mispecification correspondence M is constant and that it is defined by

M()=/0,1-¢], where & ~ 0 is positive and sufficiently small. This is an exogenous condition
that keeps the agent from getting infinite utility. The reservation utility function is

normalized to 7(#)=0. A contract selection mechanism is a measurable function fT-—>K
constrained to be a function of the form f{#) = {(1/¢t), na, }, where {(1/t), na,, } is the

sequence whose entry #» is (1/t), na,. Then U(tft)= Z:}:lt"*l A, . The individual

rationality is trivially satisfied. The incentive compatibility is:

Uifi) = 3 " a2 Upfir) = 37 (b aa, ), VPe(0,1-8].

This condition holds if and only if #> 7, V#'€/0,7-¢/. The principal’s utility is a function
I:TxK—>/[-00,00) given by 1/(2,f{2))= ¢ f{t). Therefore the principal’s problem is:

sup j[w t(1/1), Ao, \(dt)

subject to t'2 1, V'e/0,1-¢].

Therefore the optimal contract is the constant sequence f{#)= o. This means that the
contract pays off the upper bound every period. [J

I present here a synoptic table of the models surveyed in the preceding sections
together with some other models that have not been surveyed. This survey was concerned
only with principal-agent models, but the table also indicates some different applications
that follow the same infinite-dimensional approach.
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Synoptic Table

Author Menu of contracts | Adverse | Moral | Kind of Specific features
selection | hazard | feasibility

Balder & Meas(T,S"(X)) yes yes feasibility state-contingent

Yannelis contracts

(1993)

Page (1994) | Meas(T,Prob(1x®)) yes yes quasi-feasibility | mixed contracts with
many agents

Page (1991) Meas(T,Prob(®)) yes yes feasibility mixed contracts with
one agent

Page (1987) | K& Mea 5(€2 [a,b)), no yes feasibility Continua of actions

K sequentially compact and monetary

outcomes

Page (1989) | Mea s(T,Prob(®)) yes yes feasibility Stackelberg games
with incomplete
information

Page (1998) | Meas(T,Prob(Ix®)) yes yes quasi-feasibility | auction with many
agents

Page (1992) | Meas(T,Prob(®)) yes yes Quasi- Bayesian Stackelberg

feasibility games
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