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The Fifth Consumer’s surplus: An Extension of the Concept of

Marshallian Surplus to Preferences with Non-Null Income Effects
Cassia Helena Marchon'

André Luis Rossi de Oliveira?

The argument usually used to justify the use of the variation of the Marshallian surplus as a
measure of welfare change can only be applied under two assumptions. The first one is that preferences
are such that income effects are null with respect to the good whose price has changed. The second is that
the optimal demands for the other goods are not affected by the price change. The Marshallian surplus is
meaningless when these assumptions are not valid. This paper tries to expand the concept of Marshallian
surplus to cases where the income effect is not necessarily null, creating a new surplus concept called the
extractible surplus. It is shown that the variation in the extractible surplus is equivalent to the
compensating variation in the case of a price decrease, and equivalent to the equivalent variation in the
case of a price increase, as long as preferences are strictly convex and the demand for the other goods are

invariant to the price change.

I. Introduction

According to the concept of cardinal utility, consumer welfare (as well as welfare
change) was an absolute value measured in utils. Given the limitations of such concept,
the theory evolved towards the concept of ordinal utility, according to which the
absolute value assumed by a utility function is meaningless and only relative values
matter. Under this approach, consumer welfare and welfare changes are not absolute
measures, but abstract ones, and as such necessarily involve a certain degree of
subjectivity. This means that in principle there is no telling which ones are right and
which ones are wrong, they only embody different ways of trying to capture consumer

welfare.

! University of Brasilia, Department of Economics.
? University of Brasilia, Department of Economics.



One of these measures is the Marshallian surplus, defined as the area below the
demand curve and above the market price. Its origin can be traced back to Dupuit
[1844], but the concept only became popular after the publications of Marshall’s

Principles of Economics in 1890.

In Principles of Economics, Marshall defines the consumer’s surplus for a given
unit of consumption of the good as the difference between the price the individual is
willing to pay to not be deprived of the consumption of the good and the price it

actually pays. The price he is willing to pay is that specified by the demand function.

It is important to notice, however, that the argument put forward by Marshall to
justify the use of his concept as a measure of the consumer’s surplus is valid only for
preferences which imply null income effects. This is borne out by the process of

construction of the demand curve.

Marshall’s definition of consumer’s surplus is preceded by the assumption of a
constant marginal utility of income. This assumption can be interpreted as a constant
marginal utility of income with respect to income and to all prices except one, namely
the numeraire good. Under certain conditions this is equivalent to the condition that the
income effect is null with respect to all goods except the numeraire, as shown by

Samuelson [1942].

If we accept this interpretation of the assumption of constant marginal utility of
income, the Marshallian surplus is defined for any good as long as it is not the
numeraire good, or, in other words, as long as the income effect for that good is null. On
the other hand, since there are preferences which don’t satisty this assumption, it seems
like an important and justifiable endeavor to try to extend the applicability of the
Marshallian surplus as a measure of welfare to more general preferences which are not

associated with null income effects. This is exactly the main objective of this paper.

We will try in this paper to construct a measure of welfare and, consequently, of
welfare changes which shares the interpretation of the Marshallian surplus but is
applicable to non-null income effect preferences. We will do that through a process of
building a demand curve which informs the maximum price an individual is willing to
pay for each unit of the good consumed, and we will call it the modified demand. Our
welfare measure will be defined as the difference between this maximum price and the

market price and will be called the extractible surplus.



After this Introduction, section 2 describes the procedure to calculate the total
extractible surplus for the discrete case. Section 3 will use this new concept to measure
changes in the consumer’s surplus in the discrete case. In section 4, we will deal with
extractible surplus changes in the continuous case. Section 5 will compare the

extractible surplus with some Hicksian welfare measures and section 6 concludes the

paper.

II. Total Extractible Surplus in the Discrete Case

Although the process of constructing the demand curve is well-known, it is useful
for our purposes to reproduce it here. First, we construct a price-consumption curve by
varying only the price of one good, namely good 1. Figure 1 below illustrates this
procedure for three different price levels. By plotting the resulting pairs of price and

optimal consumption of good 1, we obtain the demand curve for this good.

Now let A () be the inverse demand function for good 1. We can notice from the

process of deriving the demand curve that the individual only buys xlm units of good 1

because the price of each units is plm. He is not willing to pay P, (1) for the first unit,

P (2) for the second unit and so on. He doesn’t even have enough income to do that.

When he buys xlm at price plm , he is already spending all of his income. If required to

pay a higher price for the consumption of the first units, he would have to spend more

than his income, which is impossible.

Figure 1: Price-consumption curve
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It is clear then that the demand function is not very helpful when we want to
calculate what in fact the individual is willing to pay for each extra unit of consumption.

In order to find a new method to help us make such calculations, we make the following

assumptions:
1. There are only two goods in the Economy, goods 1 and 2;
2. Good 1 can only be consumed in discrete amounts, i.e., the consumption set is

defined by X ={(x,,x,):x, eN,x, eR_}|.

3. The income (M) and preferences of the individual are known;
4. Preferences are complete and transitive;

5. Preferences are strongly monotone;

6. Preferences are continuous;

7. If X,x"andx" € X, x'~x" and 31€(0,1) such that x"=Ax"+(1-1)x", then
x"f >_ x! — x" ;

8.  When the individual is indifferent between two baskets, he always opts for the

basket with a larger amount of good 1 (tie-breaking rule); and

9. Good 1 is a normal good.

We will now derive the modified demand. The procedure to construct this

demand is presented below, and is divided in several steps.

Step 1: We want to find the maximum price an individual is willing to pay for the

consumption of the first unit of good 1 when his income is M. Let p, (1) be this price.

Graphic Solution:

Notice that the bundle (O,M ) always belongs to the budget set, i.e., it can be

consumed by the individual independently of the price charged for the first unit of the
good.



The slope of the budget line is — p,/ p, = —p, , since good 2 is taken to be the numeraire,
with price p, =1. If p, =+, the budget line is the segment [(0,0),(O,M )] of the
vertical axis. In order to find the maximum price an individual is willing to pay, we
reduce the slope of the budget line, with (O,M ) as a point of rotation, until the

individual’s optimal choice is to consume exactly one unit of the good, as illustrated in
figure 2. The value taken by the slope at this point is the maximum price the individual

is willing to pay for the consumption of the first unit of good 1.

Figure 2: Steps 1, 2 and 3: The budget line is rotated until the individual chooses

optimally to consume 1 unit of good 1.
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Formal Solution:

It is the same to say that an individual is willing to pay p, (1) to consume the first

unit of good 1 and to say that when he is faced with price p, (1) he buys the first unit of

the good (this does not exclude the possibility that, at his price, he buys extra units of
the good, though). Since this individual only buys the good if it optimal for him to do it,

it is necessary that at price p, (l) his optimal consumption of good 1 is greater than or

equal to 1. Moreover, p, (l) is equal to the maximum price p, such that the optimal

consumption of good 1 is greater than or equal to 1. Formally, our problem is to find
p(1)= max{p1 :(xl*,x;) >(x.x,) V(x,x,)e B, where x; >1and (Xf,x;) € B}, (1)

where B:{(xl,xz):plxl+x2 SM}.



Proposition 1: There is a unique solution to problem (1), and it can be found by solving

the equation
u(0,M)=u(1,M - p,(1)) (2)
The proof of this proposition can be found in the appendix.

Let’s assume now that the individual paid p, (1) to consume the first unit of good

1. Then his income is reduced to M — p, (1) .

Step 2: We want to find the maximum price the individual is willing to pay to consume

a second unit of good 1, given that it has already paid p, (1) for the first unit. Let p, (2)

be this price.

Notice that, no matter what the price charged for the second unit of good 1, the

bundle (I,M -p (1)) is always feasible, i.e, it belongs to the budget set. More
precisely, whatever the price of the second unit, (I,M - P (1)) belongs to the boundary

of the budget set. This is true because once the individual spends M — p, (1) on the
consumption of good 2, he cannot consume more than his initial endowment of good 1,

which is 1 unit.

In order to find p, (2), we rotate the budget line obtained in step 1 to the right

(or, equivalently, reduce p,), with (1,M -p (1)) as the center of rotation, until the

individual chooses optimally to consume the second unit of good 1. Figure 2 illustrates
this procedure. The slope of this new budget line is the maximum price the individual is

willing to pay for the second unit of good 1.

A similar argument as the one used in step 1 shows that p, (2) can be found as a

solution to the following equation:
u(2,M - p,(1)=p(2))=u(LM - p (1)) 3)

Suppose now that the individual paid p, (2) for the second unit of good 1, which
leaves him with income equal to M — p, (1)— p,(2).



Step 3: We want to figure out the maximum price the individual would be willing to

pay for the third unit of good 1, given the fact that he has already paid p, (1) for the first

unit and p, (2) for the second unit. The procedure is also illustrated in figure 2.

A reasoning similar to what was used in steps 1 and 2 shows that p, (3) is the

solution to the equation
u(3.M = p (1)=p1(2)= £ (3) =u(2.M = p (1) - 21(2)) )
Subsequent steps are obtained analogously.
By plotting points (1, p,(1)).(2.2,(2)).(3.2(3))-..(n. o (n)) in a pxx
graphic, we obtain what we call the modified demand for good 1, which is represented

in figure 3. Since for now we are working with the discrete case, this demand is

composed of isolated points. In the continuous case it will be represented by a curve.

The modified demand tells us the maximum price an individual is willing to pay

for the consumption of each unit of the good. More precisely, he is willing to pay p, (1)

for the first unit, p, (2) for the second unit, p, (3) for the third unit and so on.

We are now in position to derive what we call the extractible surplus. Let p, be
the market price of good 1. The individual is willing to pay p, (l) to consume the first
unit of the good, but only has to pay p; . Therefore, his surplus with the consumption of

the first unit is p, (1) — p, (this value is represented as the area of the first rectangle in
figure 3). To consume the second unit of good 1, he is willing to pay p, (2) but only

has to pay p, . His surplus with this unit is then p, (2)— p, . The procedure is repeated

until the difference between what the individual is willing to pay and the market price is

zero or negative. The sum of the positive unit surpluses is defined as the total extractible

surplus of the consumer when the market price is p; .



Figure 3: Modified Demand and Extractible surplus in the discrete case
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The name extractible surplus is due to the fact that it represents the value a

monopolist could extract from the consumer if he knew his modified demand. For

instance, the monopolist could charge p, (l) for the first unit, p, (2) for the second and

SO on.

As was the case with the Marshallian surplus, the extractible surplus can be
defined as the difference between the individual is willing to pay to guarantee he will

not be deprived of its consumption and the price he actually pays.

If we compare the methods of constructing the Walrasian demand and the
modified demand, we notice that any difference between them is due the income effect.
If this effect is null, then the curves of these two demand functions coincide and the

extractible surplus is the same as the Marshallian surplus.

In the next section, we will discuss how to measure changes in the consumer’s

surplus.

ITI. Extractible Surplus Variation

In most practical problems, we are interested not in the total surplus but in the
surplus variation. For instance, we may be interested in calculating the consumer
welfare change associated with an increase in price due to the creation of a tax on

consumption or on imports.

Suppose we want to measure the change in the consumer’s surplus due to a fall of

the price of good 1. Let p, be the initial price and p, the final price, where p, > p,. If



we want to calculate the decrease in the Marshallian surplus, we have to compare the

area above p, and below the inverse (Walrasian) demand curve with the area below this
curve and above p,. More exactly, the change in Marshallian surplus is the difference

between these two areas.

Let X, be the quantity the individual consumes of good 1 when the price is p,
and let x; be the quantity he consumes when the price is p,. We can interpret the
surplus change in the following way. The individual was willing to pay X,p, for the
consumption of X, units of good 1, but after the price fall he was able to buy the same
quantity spending only X, p,. Hence he obtained a surplus of X,p, —x,p, =X, (;_71 - El)'
Moreover, in order to consume one extra unit of good 1, the individual was willing to
pay p,(X,+1), where p,(.) is the inverse (Walrasian) demand function, but was only
required to pay p,. Hence the surplus generated by the consumption of this extra unit is
)2 ()_cl +l)— p, - To consume another unit of the good, the individual would have paid

pl()7l +2), but only had to pay p,, which means that his surplus was equal to

)2 ()?l + 2)— p; - Proceeding in this fashion while the surplus generated by an extra unit

is positive, we derive the Marshallian surplus change. In the case where the good is

consumed in continuous quantities, this change is just the integral of the demand

function over the interval [ D> D ] .

Notice that when there is a price raise instead of a fall, the same area can be

interpreted as the loss of consumer’s surplus due to the price increase.

Once again, the analysis carried out above for the Marshallian surplus is only
valid when there are no income effects for good 1. The reason for that is the same we
discussed before in the context of the calculation of the total consumer’s surplus. If
income effects are present, this measure can only be used as an overestimation of the
compensating variation and an underestimation of the equivalent variation, when there

is a price decrease, and vice-versa.

As a matter of fact, there is another condition that has to be satisfied in order to
justify the use of the area described above as a measure of the change in the Marshallian

surplus caused by a price decrease. It is necessary that the demands for the other goods



do not depend on the price of good 1. To understand why this is true, consider a
situation where another good, say good 2, is a substitute for good 1, so that its demand
is positively correlated to the price of good 1. If the price of good 1 falls, then the
demand curve of good 2 shifts down and to the left, thereby altering the Marshallian

surplus in this market.

We will try now to fashion a measure that shares the interpretation given to the
Marshallian surplus but that can be applied to more general types of preferences, with

non-zero income effects.

Suppose we want to calculate the variation of extractible surplus due to a price
fall. Let p, be the initial price and p, the final price, where p, > p, as before.
Moreover, suppose that assumptions 1 to 9 of section 2 are valid.

The change in extractible surplus caused by a price decrease and associated with
the units the individual was already consuming before the price change is equal to
(;_91 - ))?1 , the same as in the case of the Marshallian surplus. The difference between
the maximum price he is willing to pay for each extra unit of the good, beyond those he
was already consuming, and the new price p, is the change in extractible surplus

associated with that extra unit. The sum of all positive surpluses gives us the total
change in extractible surplus due to the consumption of extra units of good 1, to which

the individual attaches values greater than p, .

Let’s now describe the procedure to calculate the change in extractible surplus in

more formal terms. As before, we have to first derive the modified demand for price p, .

We will do this in steps.

Step 1: We know that the individual is willing to pay X, p, to consume the first X,
units of good 1. Now assume that he actually spent X, p, to buy this amount, ending up
with income equal to M —X,p,.

Step 2: We want to find the maximum price the individual is willing to pay to
consume the next unit of good 1 given that he already consumed X, units of the good

and has income equal to M —X,p,. Let p, (X, +1) be this price.

10



Notice that the bundle where x, =X, and x,=M —X,p, is always feasible,
independently of the price charged for the next unit of good 1. Thus this bundle belongs
to the budget set of the individual. In fact, it belongs to the boundary of this set, for
given that the individual consumes X, units of good 1, the maximum amount of good 2
he can buy is M —X,p,. In order to find the maximum price he is willing to pay for one
more unit of good 1, we reduce its price or, equivalently, the slope of the budget line,
using as point of rotation the bundle (X,M —X,p,), until the individual’s optimal
choice is to consume the next unit of good 1 (see figure 4). The slope of this new budget

lineis p, (%, +1).

Figure 4: Steps 1 to 3: The slope of the budget line is reduced around the optimal
choice of the previous step until the optimal choice of the individual is

to consume the next unit of good 1.

X2

Pi%i+2) (X, +2,M —p,x, — p,(x, + 1) = p, (X, +2))

pi(x +2)

v

X1
The price p, (¥, +1) can also be obtained as a solution to the equation
u(X+ LM =%, = p (% +1) =u(%.M -5 7))

Now suppose the individual has already paid p, ()Tl + 1) for one extra unit of good

1, which leaves him with X, +1 units of good 1 and income of M —X,p, — p, (X, +1).

Step 3: We wish to find the maximum price the individual is willing to pay for the

consumption of an extra unit of good 1, given that he already has X, +1 units and his

11
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income is given by M —xp —p (X +1). Let p (X +2) be this price. Figure 4
illustrates the procedure to get this price, which should be familiar by now.

The price p, (fl + 2) can be obtained as a solution to the equation

u(X+2,M-%p,— p (X, +1)— p, (X, +2)) =u(X, + LM -5, p, — p, (X, +1))

The other steps follow the same reasoning.

If we take the points (X,7,).(%+Lo (% +1)).(5+20(%+2)).....
(X, +n,p,(X +n)) and plot them on a graphic x, x p,, we obtain the modified demand
starting from price p,, which is represented in figure 5.

The first point on the modified demand, point 1 on the graphic, tells us that the
individual is willing to pay p, to consume the first X, units of good 1. The remaining

points tell us the maximum price the individual is willing to pay for each extra unit of

good 1.

The individual attributes a value X,p, to the consumption of the first X, units of
good 1. However, after the price decrease, he only needs to pay p,, to buy them, which
means that he obtains a surplus of X,p, —x,p, =X, (ﬁl - ;_71) with the consumption of the
first X, units. This surplus is represented by the area of the first rectangle in figure 5. In
order to consume the next unit, the individual would be willing to pay p, ()?l + 1) , but
only has to pay p,, and thus his surplus from consuming this unit is p, ()Tl +1)— D

This difference is represented in figure 5 as the area of the second rectangle. We keep
on calculating such differences until the surplus generated by an extra unit of
consumption is positive. The sum of the areas of all rectangles gives us the variation in

the extractible surplus of the consumer caused by the price decrease from p, to p, .

12
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Figure 5: Modified demand curve starting from price p, and variation of
extractible surplus in the discrete case
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In each of the steps above, with the exception of the first, the maximum price the
individual is willing to pay for the next unit of good 1 is the price that makes him
indifferent between the optimal bundle of the previous step and the optimal bundle
where he buys one extra unit of good 1. By transitivity then, we know that the
individual is indifferent between all optimal bundles obtained at each step. This means

that the modified demand is a segment of the Hicksian demand associated with utility

level u(X,M —X,p,), more precisely the segment where p, <p,, for the modified

demand in this case is not defined for prices above p, .

If there is an increase in the price of good 1, from p, to p,, the variation in

extractible surplus will be the same area we obtained in the case of a price decrease,

only now interpreted as the surplus the consumer loses after the price increase.

We asserted before that the variation of the Marshallian surplus would be equal to
the trapezoidal area below the demand curve of good 1 only if the demands for other
goods in the economy didn’t depend on the price of good 1. Otherwise the surplus in the

affected market would be different.

Something similar happens with the variation of the extractible surplus. To
guarantee that the change in extractible surplus is equal to the sum of the areas of the
rectangles below the modified demand for good 1, we need that the modified demand
for the other good doesn’t depend on the price of good 1. If the maximum prices the
individual is willing to pay for the consumption of the extra units of good 2 depend on

the price of good 1, then a change in this price will shift the modified demand of good 2,

13



altering the extractible surplus in that market. This means that if we want to calculate
the variation in the extractible surplus as the area below the modified demand for good
1, we need to add to the original assumptions the condition that the modified demand

for the other good doesn’t depend on the price of good 1.

So far we dealt with the extractible surplus in the case where good 1 is consumed
in discrete quantities. It is easier to motivate the concept under this hypothesis, but we
would like to extend it to the continuous case, and that’s what will be done in the next

section.

IV. Variation of extractible surplus in the continuous case

In this section we want to calculate the variation in the extractible surplus when
good 1 is available in continuous quantities. As before, we will make use of
assumptions 1 to 9, and we shall also assume that the modified demand for good 2 does

not depend on the price of good 1.

Suppose that the price of good 1 decreases from p, to p, and think about an

extremely divisible good, like wheat flour. Assume initially that flour is only available
on the shelves in packs of 1 kg. In this case, step 1 of the previous section reduces to

calculating how many kg of flour the individual is willing to buy when the price is p, .
Let X, be this quantity. In step 2, we calculate the maximum price the individual is
willing to pay for one extra kg of flour given that he already owns X, kg, and so on.

Figure 6 illustrates this procedure.

Figure 6: Bundles that are indifferent to (X, —X,p,) and modified demand

when flour is available in 1 kg packs.
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(i, +LM = pix, - pi(x, +1)
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Now imagine that flour can be sold in 1/2 kg packs. Suppose the bundle
(JTI,M —X,p,) continues to be optimal when the price is p,. In this case, step 2 of the

construction of the modified demand tells us to calculate the maximum price the
individual is willing to pay for an additional 1/2 kg of flour. We do the same in each

subsequent step, as illustrated in figure 7.

Figure 7: Bundles that are indifferent to (JTI,M —)?11_91) and modified demand

when flour is available in 1/2 kg packs.
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We can reduce even further the account unit to 250g. In this case, in each step we
calculate the maximum price the individual is willing to pay for an additional 250g of

flour. Figure 8 shows how this procedure works graphically.

Figure 8: Bundles that are indifferent to (X, —X,p,) and modified demand

when flour is available in 250g packs.
X2

M_)_Cll_jl)

v
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Figure 9 plots together the modified demands for the three cases discussed above.
Points represent the modified demand when flour is available in 1 kg packs. Points and

asterisks represent it when flour is available in 1/2 kg packs, and points, asterisks and

triangles represent it when flour can be bought in 250g packs.

Figure 9: Modified demands when flour is available in 1kg, 1/2 kg and 250g

packs.

v

X1

Notice that, no matter how small the account unit, the bundles obtained in each

step all belong to the same indifference set. Therefore, the modified demand is
equivalent to the Hicksian demand associated to the utility level u()?l,M —)_cl;_yl) for
292

Notice also that, as the account unit decreases, the modified demand or,
equivalently, the Hicksian demand, gets closer to becoming a curve. In the limit, when
flour can be consumed in infinitesimal units, the modified demand will be a curve, as
shown in the appendix.

By analogy to the discrete case, the variation of the extractible surplus is equal to

the integral of the modified demand over the interval [ 21,131] , or equivalently, of the

Hicksian demand associated with utility level u(X,, M —X,p,) over the same interval.

In the case of a price decrease, this integral of the modified demand is exactly the
compensating variation. As we know, the compensating variation when the price of

good 1 decreases from p, to p, measures how much the income of the individual

16



would have to fall so that, after the price decrease, he gets the same utility as before the

price change. We also know that the compensating variation can be calculated as the

integral of the Hicksian demand curve associated with the initial utility u (X, M —X,p, )
over [;_71,;_91] .

When there is a price increase, the variation of the extractible surplus is equal to
the equivalent variation, which in this case can be interpreted as the reduction in income

that would be equivalent in terms of utility change to the price increase. The equivalent

variation can be calculated as the integral over [ ;_91,;_91] of the Hicksian demand

associated with the final utility u (X, M —X,p, ).

In summary, the variation of the extractible surplus is equivalent to the
compensating variation when the price goes down and to the equivalent variation when

the price goes up.

It is important to keep in mind, though, the conditions under which these
equivalences are valid. All the nine assumptions of section 2 plus the condition that the
demand for good 2 doesn’t depend on the price of good 1 have to be satisfied. Some of
them are not necessary for the calculation of the equivalent and compensating variation

measures, like the latter and strict convexity.

Next section is dedicated to a more thorough comparison of the notion of
extractible surplus and the Hicksian welfare measures, providing an explanation for the

title of this paper.

V. Hicks and Extractible Surplus

There are many seminal contributions by Hicks to the theory of the consumer’s
surplus and welfare measures’. One of the most important is Value and Capital [1939],
where he introduced the notion of compensating variation as a measure of total surplus.
In Hicks [1943] we can find his four criteria to calculate the variation of the consumer’s

surplus, two of them being the compensating and the equivalent variations.

Someone familiar with Hicks’ work may question the novelty of the concept we

are proposing here. More precisely, we need to answer the question of how it differs

3 See, for instance, Hicks [1941,1942,1945,1956].
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from the compensating and equivalent variations. In order to do that, we will compare
Hicks’ measures first with the total extractible surplus, and then with the variation in the

extractible surplus when the price of only one good is altered.

The total extractible surplus doesn’t contribute anything new if compared to the
compensating variation as it was defined by Hicks in Value and Capital. The
compensating variation is defined there as the value that, if extracted from the
individual, would leave him with the same utility as what he would get if the market for

that good closed or, equivalently, if his consumption of that good was equal to zero.

When the comparison is between the variation of extractible surplus and the
compensating variation though, our measure takes a different route vis-a-vis Hicks’.
Loyal to Marshall’s criterion, we persist in calculating the maximum price the
individual is willing to pay for each extra unit of the good. Hicks on the other hand,
describes the variation on the consumer’s surplus, named by him as the quantity-
compensating, and to be measured as the area under what later became known as the
Hicksian demand, in the following terms: “Suppose that successive units of the
commodity are supplied to the consumer on the following plan. First of all, he is
allowed to acquire HP units at the price OH. At this price he would buy no more units,
so in order to induce him to purchase the next unit the price is dropped, but no more
than is necessary to induce him to buy that next unit. Then in order to induce him to
purchase the unit after that the price is dropped again, but again no more than is
necessary. And so on, until the price has been dropped to O#h, after which there are no
further reductions.” In this text, which can be found in Hicks [1943], HP is the quantity
the individual consumes of the good before the price drops, OH is the initial price and

Oh is the final price.

Although Hicks is aware of the dual interpretation of his compensating variation
under a price decrease, he is not worried about being faithful to the Marshall-Dupuit
criterion. When he fashioned his measures, he was in fact creating new criteria. For
instance, his justification for using the compensating variation as a measure of
consumer welfare change is that it represents the income variation necessary to
compensate the individual for the price change, so that after the price change he
achieves the same utility level as before. If Hicks were interested in extending the
Marshall-Dupuit criterion to cases where the income effect is not zero, he would have

noticed that the Hicksian demand curves for the other goods would possibly shift as a
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result of the price change. This in turn would alter the maximum price the individual
was willing to pay for the consumption of extra units of the other goods, that is to say
his surpluses in those markets. He would then have either to account for such surplus
changes or introduce an assumption of independence of the Hicksian demand in one
market with respect to price changes in other markets, by no means an insignificant
condition. Hicks doesn’t take this dual interpretation any further. In fact, his comparison

is restricted to the passage above.

In the same fashion, it is possible for the variation of the Marshallian surplus not
to be equal either to the compensating variation or to the equivalent variation even if the
income effect is null with respect to the good under analysis. Only when the demands
for the other goods are not affected by the price change and the income effect is null

will this equality hold.

In cases where the modified demands for each good do not depend on the prices of
the other goods, preferences are strictly convex and the income effect is null, we’ve
seen that the variation in the extractible surplus provides an extra argument for the
choice of the compensating variation, in the case of a price decrease, and the equivalent
variation, in the case of a price increase. Besides the usual interpretations these
measures are given, they now possess the same interpretation of the Marshallian

surplus, in the appropriate cases.

Finally, it is worth mentioning how one the results we obtained in this paper can
be used to clarify the discussion about which would be the best among the Hicksian
measures. As if there was an objective way of choosing between them, Varian [1992]
argues in favor of the equivalent variation, since it would represent the “willingness to
pay” of the consumer. However, as we showed above, the value the individual is willing
to pay or the value that can be extracted from him is the compensating variation in the

case of a price drop and the equivalent variation in the case of a price escalation.

VI. Conclusion

In this paper, we first reviewed the argument that justifies the use of the

Marshallian surplus as a measure of welfare, which, as is well known, can only be
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applied to goods whose consumption plan is not affected by income variations’. We also
reached the conclusion that the variation in the Marshallian surplus can only be
calculated as the trapezoidal area below the Walrasian demand for the good when the
demands for the other goods are not affected by the price being altered. Otherwise the
demand for at least one of the other goods would vary, and the Marshallian surplus in

that market would change accordingly.

The main contribution of this paper is the construction of a new measure of the
consumer’s surplus, namely the extractible surplus, which extends the Marshallian
surplus idea to situation where the assumption of no income effects doesn’t hold. The
notion of total extractible surplus is no different from the compensating variation as
defined by Hicks in Value and Capital, namely the value the individual is willing to pay
to prevent the market for that good from closing. There are important differences though

when the variation in the extractible surplus is considered.

When the price of only one good is allowed to vary, there is an equivalence
between the variation in the extractible surplus and the compensating variation, in the
case of a price drop, and the equivalent variation, in the case of a price elevation, as
long as preferences are strictly convex and the price change of the good under
consideration doesn’t affect the modified demands for the other goods. If these
conditions are satisfied, there is another argument that can be used to justify the
extractible surplus notion. Besides sharing, by construction, the interpretation of the
Marshallian surplus, the variation in the extractible surplus can be interpreted as the
maximum value the individual is willing to pay to avoid a price increase or the
maximum value he is willing to pay to keep the price from falling, depending on

whether we are in a price rise or price drop context.

* When the income effect is not null, there is still the possibility of calculating the variation in the
Marshallian surplus as na approximation to the compensating and equivalent variations, as suggested by
Willing [1976, 1979]. However, as Takayama [1983] tells us, “... the discrepancy between the
Marshallian and the Hicksian measures can be very large (can even been infinitly large).” Moreover, as
shown by Hausman [1981], this discrepancy can be very large if we are concerned with the calculation of
the deadweight loss.
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VIII. Appendix

Proof 1:
We want to show that the price & such that u(0,M)=u(1,M- ¢« ) is the only solution

to equation (2) in the main text.

In order for a to be a candidate for maximum of this equation, it is necessary that
the optimal choice that emerges from the utility maximization problem subject to the
budget restriction when the price of good 1 is equal to a specifies a quantity of good 1
greater than or equal to 1. In particular, if we can show that (1,M-a) is na optimal

choice when the price of good 1 is o, this condition will be satisfied.

We will split up the proof in two parts. In the first part we will show that the
bundles (0,M) e (1,M-a ) are the two only possible solutions to the utility maximization
problem when the price of good 1 is o.. Then we will show that a is the unique price of

good 1 which satisfies equation (2).

Part 1: In order to show that (0,M) and (1,M-a ) are the only two solutions to the
maximization problem when the price of good 1 is a, we need to show that the budget
set and the set of all bundles which are at least as good but not equal to the bundles

(0,M) and (1,M- ) are disjoint when the price of good 1 is a.

Notice that the bundle (1,M-a ) belongs to the boudary of the budget set when the
price of good 1 is a, since when the individual consumes 1 unit of good 1 at price o,
the maximum of good 2 he can buy is M-a.. We already know that (0,M) belongs to the
budget line whatever the price of good 1. Therefore, when the price of good 1 is o, the
bundles (0,M) e (1,M-a), between which the individual is indifferent, are also on the
budget line. Therefore, the budget line may be represented as the line going through

these two bundles, and the budget set is composed of all the points on or below this line.
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Now we need the following result:

Result Al: If the condition 8 in the main text is satisfied, then the three distinct and

indifferent bundles cannot all be on the same line.

Proof: Suppose, by contradiction, that there are three bundles x’, x’” and x’*” in X such
that x’~ x’~ x”’, where X’ #x”’, Xx’# X’’’ and x”’#Xx’”’, and that these three bundles
can be all on some line at the same time. Since the bundles are distinct, it is not possible
for two of them to specify the same quantity of good 1, for in this case the quantity of
good 2 would have to be different, and then, by strong monotonicity, one of them will
be strictly preferred to the other, which is a contradiction. Let’s take the bundles with
the largest and the smallest quantities of good 1. Without loss of generality, let them be

x” and x’’, respectively. Since the three bundles can be placed on the same line, we have

that x™** can be written as x’”’=  x’+(1- 8 )x”* onde S €(0,1). In this case, assumption

implies x x’~x"’, which i iction.
7 implies X’ > x’~ x’’, which is a contradiction. m

We are now able to show the following result.

Result A.2: If conditions 5 and 7 are satisfied, then the set of all bundles at least as
good but not equal to (0,M) e (1,M- o) must lie above the line that passes through these

two bundles.

Proof: Suppose, by contradiction, that there exists a bundle at least as good as (0,M) and
(1,M-a ), which we denote by (kj,k;), where (k;,k2)# (0,M) and (ki,kp)# (1,M-a), and
that this bundle is located on or below the line that goes through (0,M) and (1,M-a).

We have to consider three possible cases: k;=0, k;=1 or k;>1, where k; € N.
Case 1: k=0

We know that (k;,k;) is on or the line which goes through bundles (0,M) and
(ki,k2)# (0,M). Therefore, ko,<M. Since preferences are strongly monotonic, this implies

(0,M) > (k;,kz), which is a contradiction.
Case 2: k=1

Similarly to the previous case, this possibility can only happen when k,<M-a,

which implies (1,M-a ) > (k;,kz), a contradiction.

Case 3: ki>1, where ke N
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Let (A,,A,) be a bundle such that (A,,A,)~(0,M), where (A,,A,) e X.

Take ki=A,, implying A,>1. Then necessarily A,>k,, otherwise it couldn’t be

true that (A,,A,) ~(0,M).

Now suppose, by contradiction, that (A,,A,)~(0,M), kj=A, and A, <k,. In this
case, (A,,A,) <(ki,kz). Since (k;,k») is on or below the line which goes through points

(0,M) and (1,M-a), we have that (A,,A,) is also on or below this line.

Sub case 3.1: (A,,A,) is below the line that goes through (0,M) e (I,M-a).

In this sub case, the line which connects points (A,,A,) and (0,M) lies below the
bundle (1,M-a). Hence, if we take a bundle x’>’ such that x;’’’=1 and x’’=
B(OM)+(1-B)(A,,A,) (this is possible because A,=k;>1), the quantity of good 2,
x2””’, will be smaller than M-a, and strong monotonicity implies (1,M-o)> (1,x2”"")
(=(x1"",x2""")). But we know that (x,””’,x2””")> (0,M) by assumption 7. Therefore, by

transitivity, (1,M-a ) > (0,M), and we got our contradiction.
Sub case 3.2: (A,,A,) is on the line that goes through (0,M) e (1,M-a.).

In this sub case, result A.1 is being violated (and consequently condition 7), since

(A, A,)~(0,M) ~(1,M- 0 ) and these are three distinct bundles.

Therefore, if (A,,A,)~(0,M) and k;=A,, then A,> k, and strong monotonicity
implies (A,,A,) > (ki,k»). Since (A,,A,)~(0,M), transitivity tells us that (0,M) > (ki,k»),

which is absurd, since the original assumption is that (k;,k;)Z(0,M). m

We go back now to the main proof. We’ve shown that the budget set can be
represented by the bundles which are positioned on or below the budget line which goes
through (0,M) and (1,M-a ). Result A.2 then tells us that the set of all bundles at least as
good as these two bundles is above this line. Therefore the set of bundles at least as
good as (0,M) and (1,M-a ) and the set of all bundles that satisfy the budget restriction
are disjoint if we exclude these two bundles. In other words, bundles which are
preferred to or indifferent to (0,M) and (1,M-a) are not in the budget set. Therefore

(0,M) and (1,M-a) are the only two solutions to the maximization problem (1) when
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the price of good 1 is a. Condition 8 guarantees that the individual buys the first unit of

good one at this price.

Parte II: We want to show that o is the only solution to equation (2).

Suppose, by contradiction, that there exists a price p;’# a such that p;” is a
solution to (2). Then p;’> a. Since p;’ # o, we have that p;’>a. If p;’ is a solution to

(2), then there exists a bundle (8,,0,) with 8, =1 and such that this bundle is a solution

to the utility maximixation problem when the price of good 1 is p;’.

We have then two cases to consider: 6, =1 and 6,>1.
Case 1: §,=1

Since (0,M) always belongs to the budget line, independently of the price of good

1,in order for (5,,8,) to be na optimal choice it is necessary that

5,,8,) Z(0,M) (A.1)
Since p;’™>a, (8,,0,) is located below the line that connects (0,M) and (I,M-a).
But for this to be true when d,=1, we need &,<M-a to hold. By strong monotonicity
then, it must be the case that (1,M-a)> (5,,9,). Since (1,M-a )~(0,M), transitivity

implies (0,M) > (3,,0,) . But this violates condition (A.1).
Case 2: 6,>1

For (8,,8,) to be an optimal choice, we need condition (A.1) to be satisfied, but it
cannot happen that (3,,9,) = (0,M), for in this case there would be a bundle indifferent
to (0,M) at which the slope of the line connecting the two bundles was greater.
Therefore p'1 wouldn’t be a solution to (2). We have then that (5,,6,)~ (0,M). If §,>1,
there exists B such that (1,M-a )= (0,M)+(1-8)(3,,0,). By condition 9, we would
have then (1,M-a )*> (0,M), which is a contradiction.

Therefore, assuming there is a p;” # o such that p;’ is a solution to (2), we reach a

contradiction in the two possible cases. This means that o is the only solution to (2),

and thus o= p,(1).
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Combining parts 1 and 2, we conclude that the slope of the line joining bundles

(0,M) e (1,M-a) determines p,(1). Therefore p, (1) is the solution to the equation

u(O,M)=u(I,M-p,(1)) m

Proof 2:

If wheat flour is sold in 1 kg packs, the set in which x, is defined is IN. If the
consumer can buy flour in 2 kg packs, then x, € IN/2. For an interval 1/n, where

n € IN, the set where x, is defined is IN/2""'. Let P" =IN/2"" be the set where x, is
defined when flour can be sold in intervals of 1/n grams. If it is possible to buy flour in

any quantity, then x, € IR.

The proof will be divided in parts.In part I we will show that, when n — oo, the
set of indifferent points gets close to a curve and that for x, € IR these points will form
a curve. In part II, we will show that the indifference curves of the individual when he
can buy flour in any quantity is differentiable. Then, at any point x,, the maximum
price he is willing to pay for the consumption of a little bit more of flour is precisely the
derivative of the indiffernce curve in that point.Therefore, in each point x, € IR, the
modified demand will be given by the derivative of the indifference curve. Assuming
these curves are differentiable at all x, € IR, then the modified demand will be a curve.

Finally, we will show that the sum of the areas of all rectangle below the modified
demand curve approximates the integral when n — oo. If the modified demand is a

curve, then this are will be the integral.

Part I: When n — oo, the set of all indifferent point gets close to becoming a curve.

For x, € IR, these sets do form a curve.
Proof: We will divide this proof in several steps..
Step 1: P" < P

By definition, P" =IN/2"" and P"" = IN/2". To show that P" < P""', we need

to show that each element of P" is in P""'. Let m € IN be an arbitrary element. Then
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m/2"" is na arbitrary element of P". We can write m/2"" in the form 2m/2". Since

m € IN, then 2m € IN.

Let k=2m, where k € IN. Then 2k—n e P,
n
Step 2: U P isdensein IR, .
n=1

Proof: To show that UP" 1s dense in IR

n=l

we need to show that every element

4+

a € IR, is adherent to UP“ . We say that o is adherent to the set UPn c IR, when

n=1 n=l1

a 1s the limit to some sequence of points x, € UP“ dfae UPn , then necessarily o

n=l n=l

is adherent to UP“ : we just have to take the sequence x, = a. It remains to show that

n=l

ae IR\UPn is adherent to UPn .

n=1 n=1

m
n-1

If aeIR\UP", then o #

n=l

Vm,n € IN. Let’s show that there exists a

sequence (X,),.rx Where x, eUPn and limx, =a. Let n, €IN be such that

n=l

n, <a<n,+1. Let’s divide the interval (n,,n, +1) where o lies in two intervals of

the same size: (n,,n,+1/2) and (n,+1/2,n,+1). Let x, =n,+1/2 be the first

. ? . 2n, +1 )
element of the sequence. Notice that x, € UPn , since 02 € P?. Notice also that

n=l

o#X,,since a¢ UP“ . No w we choose the interval which contains a. Without loss

n=l

of generality, imagine that o € (n, +1/2,n, +1). Let’s divide this interval in two other
intervals with the same size, (n, +1/2,n,+3/4) and (n, +3/4,n,+1), and let’s take
X, =n, +3/4 as the second element of our sequence. We can assume, without loss of

generality, that ac(n,+1/2,n,+3/4). In this case,
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n,+1/2+(n, +3/4)
2

X5 =n0+5/8(= j If ae(,+3/4,n,+1), then x, =n,+7/8

and so on. We built a sequence where, for each x, where h € IN, x, and a belong to
an interval of size 1/2". Therefore |xh —a| <1/2" VheIN. Hence the larger h the

closer x, to a, and hence lim(x, ) =a. Since a is arbitrary, IR, is the set of points of

h—o

sdherence of UP“ . Therefore IR, = UPrl .
n=1

n=l

Step 3: Since the set UPn is dense in IR for each a IR, there exists a decreasing

n=l

sequence (t,)._, such that t, eUP“ and t, - o and there exists an increasing

n=I

sequence (qi)ielN such that q; € UP“ and q, > a.

n=1

Let’s show now that there exists a decreasing sequence. The proof for an

increasing sequence is analogous.

* k )
Case 1: If anP“ , then a =2]—no for some m, € IN. In this case, the sequence

n=l

k 1 . .
t,=—+ o is decreasing and converges to o .

1 2m0

Case 2: If a e IR\UPn , consider the sequence t, =n, +1, where n, is the natural

n=l

. ) 2n, +1 2n, +1 )
number which immediately precedes o. If o € [no,noTj, take x, = n02 and, if

2n, +1
ae| o 1, +lj , take t, =n,+1. Suppose, without loss of generality, that
2n, +1 4n, +1
o€l n,, n02 ) If ae(no,noTj, take  t,=4n,+1  and, if
4n,+1 2n, +1 2 1
oe nz , Mo j, take t, = n02+ . Proceeding in this fashion, we construct a

decreasing sequence where, given n € IN, there exists t, € UPn (due to the density of

n=l
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” 1 . .
UP“ ) such that |ti —a| < —— . Thus, when i increases this sequence converges to o

n=l

when 1 — .

Step 4: f: IR, — IR, is continuous.

Let f(.) be a function that associates to each x, € P* a x, € IR in such a way that

the bundle (x,,f(x,)) generates the same level of utility for the individual Vx, e U P".

n=l

We know that a function f{.) is continuous at x € IR if, and only if, for every sequence

(a,),.y < IR such that a, — x,

limf(t; ) = limf(q; ) = f(x)

t,ox"  q;ox

Let a € IR, . Consider a decreasing sequence such that t;, - o and ¢, € UP“ (by

n=l
step 3, such a sequence exists). Consider also an increasing sequence such that q, — a.

We have that Vm,k € IN
A S Qs SOST St

Since f: UP“ — IR is decreasing, we have that

n=l

f(q,) 2 {2 () 2 ) (A.2)

Hence f(q,) cannot be smaller that f(t,,,) VmeIN and (f(q,)),.n 15 @

decreasing and bounded seugnece. By the Bolzano-Weierestrass theorem’, this

sequence is convergent.

Similarly, (f(t,)), . cannot be greater than f(q,,), which means that f(t,,,) is an

increasing and bounded sequence, and therefore convergent.

Since (A.2) is true Vm,k € IN, we have that

limf(q,) > limf(t, ) (A3)

i—w i—w

> See, for instance, Lima [1999].
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Let a =limf(q,) and b =limf(t,). According to (A.3.), we have a >b. We want

i—w i—w

to show that a=b.

Suppose, by contradiction, that a#b = a >b. Let m,,k, € IN be sufficiently

large so that the line segment

M0, > f(qm, )+ (T=)(E, L (L))
is located below the point (a,a) and above the point (a,b). This is possible because

a>b. Since (q,,.f(q,)) — (a,a), there exists a m, >m, such that the point
(4, ,f(q,, ) 1s above the line segment A(q,, ,f(q,, )+ (1=, ,f(t, ). However,
this is a contradiction, for f(.) is strictly convex. Therefore

limf(q,) =a =b = limf{t,)

i—>w i—w

We have to consider two cases now.

Case 1:If a e UP" then f( & )=a.

n=l

Suppose, by contradiction, that f( ¢ ) # a.

Sub case 1: f(a )>a

Since a =limf(q;), we have that f(q;) >a for all ieIN. If (& )>a, there is an

m, € IN sufficiently large such that f()>f(q,, )=a. Since f(.) is decreasing, we

would have then a<gq,, , which is a contradiction, for (q;),y IS na increasing

sequence such that q, - a.

Sub case 2: f( ¢ )<a
Since a = limf{t,), we have that f(t,) <a for all i € IN . If f(« )<a, then there is a

k, € IN sufficiently large such that f(«)<f(t, ) <a. Since f(.) is decreasing, we would

have then a>t, , a contradiction, for (t;), . Is a decreasing sequence such that

t, —> 0.
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Therefore we conclude that f(.) is continuous for all x, UP“ .

n=1
Case2: a e IR\UPn
n=1

In this case the individual can buy flour in any given quantity and we wish to
show that the function is continuous at these points. Suppose, by contradiction, that

fla)+#a.

Since IR o UP“ , the same argument of convergent sequences used in sub cases

n=l

1 and 2 of the previous case can be applied here to reach a contradiction.

Part II: The modified demand is a curve when we allow the consumer to buy wheat

flour in any amount. In this case, the extractible surplus is the integral of the modified

demand over [ El’ﬁl] .

Step 1: The slope of the line that connects points (x,,f(x,)) and (x, +1/n,f(x, +1/n)),
where x, € IR, is the derivative of the function f(.) at x, when n > o if f:IR - IR

is differentiable.

If f(.) is differentiable at x, € IR, then

f(xl + h) B f(xl)
h

f(x,)= %m& (A4)
In our case, we are calculating

f(x, +1/n) - f(x,)
I/n

f(x,) = lim

If we substitute h for 1/n we get exactly equation (A.4).

Therefore the modified demand that associates to each x, the slope of the line

joining (x,,f(x,)) and (x, +1/n,f(x, +1/n)) when n — o is a curve that associates to
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each x, the derivative of the indifference curve with utility level u(X,,M —p,X,) at

point X, .

Step 2: When n — oo, the sum of the areas of all rectangles with height given by the

difference between the price on the modified demand curve and p, is the integral of the

modified demand between p, e p .

Notice that, as n — oo the sum of all the areas of these rectangles approaches the
total area below the modified demand curve. A standard argument shows then that,
when the individual can buy wheat flour in continuous quantities (the modified demand

is a curve in this case), the sum of the areas of the rectangles below this curve is

precisely the integral of the modified demand over [ Dis ]71] N
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